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Abstract 

First of all, we get the global existence of classical and strong solutions of the full 
compressible Navier-Stokes equations in three space dimensions with initial data which is 
large and spherically or cylindrically symmetric. The appearance of vacuum is allowed. In 
particular, if the initial data is spherically symmetric, the space dimension can be taken 
not less than two. The analysis is based on some delicate a priori estimates globally in 
time which depend on the assumption n — 0{1 + 9 q ) where q > r (r can be zero), which 
relaxes the condition q > 2 + 2r in jT4j [29j [42] . This could be viewed as an extensive work 
of [18] where the equations hold in the sense of distributions in the set where the density 
is positive with initial data which is large, discontinuous, and spherically or cylindrically 
symmetric in three space dimension. Finally, with the assumptions that vacuum may 
appear and that the solutions are not necessarily symmetric, we establish a blow-up 
criterion in terms of ||p||z,°°z,°« and \\p9\\ 12 for strong solutions. 
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1 Introduction 

The full compressible Navier-Stokes equations can be written in the sense of Eulerian coor- 
dinates in fi C M. N as follows: 

Vt + V>u) = 0, 

(pu) t + div(pu <g> u) + VP = div(T) + pf, (1-1) 
k (pE) t + div(pEu) + div(Pu) = div(Tu) + <Hv(kV9) + pu ■ f . 

Here T is the stress tensor given by 

T = p (Vu + (Vu)') + Adivu/jv, 

where In is a N x N unit matrix; p = p(x, i), u = u(x, i) = (u%, ■ ■ ■ , -utv)(x, t) and 6* = #(x, t) 
are unknown functions denoting the density, velocity and absolute temperature, respectively; 
P = P(p,9), E, f = f(x, t) = (/].,••• ,/at)(x, t) and k denote respectively pressure, total 
energy, external forces and coefficient of heat conduction, where E = e + ^u 2 (e is the internal 
energy); p and A are coefficients of viscosity, satisfying the following physical restrictions: 

p > 0, 2p + NX > 0; 

P and e satisfy the second principle of thermodynamics: 

(jl.ip is a well-known model which describes the motion of compressible fluids. There were 
lots of works on the existence, uniqueness, regularity and asymptotic behavior of the solutions 
during the last five decades. While, because of the stronger nonlinearity in (|1.1|) compared 
with the Navier-Stokes equations for isentropic flow (no temperature equation), many known 
mathematical results focused on the absence of vacuum (vacuum means p = 0), refer for 
instance to [2H [22l [291 EH EHl HQ] for classical solutions. More precisely, the local classical 
solutions to the Navier-Stokes equations with heat-conducting fluid in Holder spaces was 
obtained respectively by Itaya in [21] for Cauchy problem and by Tani in [40 j for IBVP 
with inf po > 0, where the space dimension N = 3. Using delicate energy methods in 
Sobolev spaces, Matsumura and Nishida in [3H [35] showed that the global classical solutions 
exist provided that the initial data is small in some sense and away from vacuum in three 
space dimension. For large initial data in one space dimension, Kazhikhov, Shelukhi in 
|30j (for polytropic perfect gas with p,X,K =const.) and Kawohl in [29J (for real gas with 
k = n(p, 9), p,X = const.) respectively got the global classical solutions to (jl.ip in Lagrangian 
coordinates with inf po > 0. The internal energy e and the coefficient of heat conduction k 
in [29] satisfy the following assumptions for p < ~g and 6 > (we translate these conditions 
in Eulerian coordinates) 

'e(p,0) > 0, u(l + e r ) < dge(p,9) < N(g)(l + 9 r ), 

< «o(l + 9 q ) < k{ p , 9) < ki{1 + 9i), (1.3) 

.\a P K{p,e)\ + \a PP K{p ) e)\<Ki(i + ^) 1 
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where r G [0,1], q > 2 + 2r, and i/, N(~g), kq and ki are positive constants. For the perfect 
gas (i.e., P = Rp9, e = C u 9 for some constants R > and C v > 0) in the domain exterior 
to a ball in (N = 2 or 3) with p,X,K =const., Jiang in |22j got the existence of global 
spherically symmetric classical large solutions in Holder spaces. 

In fact, Kawohl in [29] also considered the case of density-dependent viscosity for another 
boundary condition with inf po > 0, where < p < p(p) < ~p for any p > 0, and p, and 
~p are positive constants. This was generalized to the case p(p) = p a by Jiang in [23] for 
a 6 (0, 7), and by Qin, Yao in [36] for a £ (0, |), respectively. 

On the existence, asymptotic behavior of the weak solutions of the full compressible 
Navier-Stokes equations with inf po > 0, please refer for instance to |24[ [25| [28] for the 
existence of weak solutions in ID and for the existence of spherically symmetric weak solutions 
in W N (N = 2, 3), and refer to [18] for the existence of spherically and cylindrically symmetric 
weak solutions in IR 3 , and refer to [13] for the existence of variational solutions in a bounded 
domain in 1^ (N = 2, 3). 

In the presence of vacuum (i.e. p may vanish), to our best knowledge, the mathematical 
results on global well-posedness of the full compressible Navier-Stokes equations are usually 
limited to the existence of weak solutions with special pressure, viscosity and heat conduc- 
tivity (see [H E]). More precisely, Feireisl in p2| got the existence of so-called variational 
solutions in dimension N > 2. The temperature equation in [14] is satisfied only as an 
inequality in the sense of distributions. Anyhow, Feireisl's work is the very first attempt 
towards the existence of weak solutions to the full compressible Navier-Stokes equations in 
higher dimensions, where the coefficients of viscosity are constants and 

'k = k(9) <gC 2 [0,oo), as(1 + 0') < k(0) <n{l + 9 q ) for all (9 >0, 
p = P( p , 9) = V e (p) + 9V e {p) for all p > and 9 > 0, 
< V e ,V e G C[0,oo)nC 1 (0,oo); V e (0) = 0, V e (0) = 0, (1.4) 
V' e (p) > axp'^ 1 - bi for all p > 0; V e {p) < a 2 p~ + h for all p > 0, 
Ve is non-decreasing in [0, 00); Ve(p) < 03(1 + p T ) for all p > 0, 

where r < % if = 2 and F = -X for N > 3; q > 2, 7 > 1, and ai, a 2 , 03, bi, k and k 
are positive constants. Note that the perfect gas equation of state (i.e. P = Rp9 for some 
constant R > 0) is not involved in (jl.4[) . In order that the equations are satisfied as equalities 
in the sense of distribution, Bresch and Desjardins in [1] proposed some different assumptions 
from [H] , and obtained the existence of global weak solutions to the full compressible Navier- 
Stokes equations with large initial data in T 3 or M 3 . In [I], the viscosity p = p(p) and A = A(p) 
may vanish when vacuum appears, and k, P and e are assumed to be satisfied 

f K (p,9) = K (p,9)(p + l)(9i + l), 

< P = Rp9+p c (p), (1.5) 
e = C v 9 + e c (p), 

where q > 2, R and C v are two positive constants, p c {p) = 0(p~ £ ) and e c (p) = 0(p~ e ~ 1 ) (for 
some £ > 1) when p is small enough, and Kq(p,9) is assumed to satisfy 

c < kq(j},9) < — , 

for c > 0. On the local existence and uniqueness of strong solutions for N = 3, please see [1] 
for the perfect gas with p, A, k =const. While, there are no global smooth solutions to (jl.ip 
for Cauchy problem when the initial density is of nontrivially compact support and K = 
(see 05). 
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Except for the Cauchy problems with initial density compactly supported, it is still un- 
known whether the global strong (or classical) solutions exist or not when vacuum appears 
(i.e., the density may vanish) until recently. In our previous paper |42| . we got existence and 
uniqueness of global classical solutions to the full compressible Navier-Stokes equations in 
one dimension with large initial data and vacuum. In [42] . the coefficient of conduction k 
depends on the temperature, growing as 1 + 9 q where q > 2 + 2r (r can be zero). 

As a first step to study the problems (jl.ip in high dimensions, we study the problems in 
high dimensions with some symmetry which reduces the whole system to an one dimensional 
system with singular source terms. The singularity may be due to x = 0, x = oo or appearance 
of vacuum, where x is the radius. Our main concern here is to show the existence and 
uniqueness of global classical and strong solutions to (jl.ip with vacuum and initial data which 
is large, and spherically or cylindrically symmetric in three space dimension. In particular, 
if the initial data is spherically symmetric, the space dimension can be taken not less than 
two. This extends the results in [18] where the equations hold in the sense of distributions 
in the set where the density is positive with initial data which is large, discontinuous, and 
spherically or cylindrically symmetric in three space dimension. Besides, when the solutions 
are not necessarily symmetric, we shall establish a blow-up criterion for strong solutions with 
vacuum. 

For compressible isentropic Navier-Stokes equations (i.e. no temperature equation), there 
are so many results about the well-posedness and asymptotic behaviors of the solutions 
when vacuum appears. Refer to [H2 ETJ EH [33] and pZl E21 HD EE HH [48] for global weak 
solutions with constant viscosity and with density-dependent viscosity, respectively. Refer 
to [61 [TO] and [21 O [37] for global strong solutions and for local strong (classical) solu- 
tions with constant viscosity, respectively. Recently, Huang, Li, Xin in [20] and Ding, Wen, 
Yao, Zhu in [HI [7J independently got existence and uniqueness of global classical solutions, 
where the initial energy in [20] is assumed to be small in M 3 and p - p E C ([0, T];H 3 (R 3 )) , 
ueC ([O.Tj^^R^nD 3 ^ 3 )) n L°° ([t,T];D 4 (IR 3 )) (for r > 0) which generalized the re- 
sults in [3] , and the initial data in JSJ [7] could be large for dimension N = 1 and could be 
large but spherically symmetric for N > 2, and (p, u) € C([0, T]; H 4 (I)) (I is bounded in [8], 
and is bounded or an exterior domain in [7J). 

We would like to give some notations which will be used throughout the paper. 
Notations: 



J J2 J J2 

(iii) For 1 < I < oo, denote the L l spaces and the standard Sobolev spaces as follows: 



(i) I = [ a ,b}; Q T = I x [0, T] for T > 0. 




L l = L l (£), D k < 1 = { 



u 



€ L\ oc {Y>) : ||V fe «|| L « < oo} 



W k > 1 = L l D D k \ H k = W k > 2 , D k = D k > 2 
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(iv) For two 3x3 matrices E = (Eij),F = (Fij), denote the scalar product between E 
and F by 

3 

E : F = EijFij. 

(v) G = (2p + A)divu — P is the effective viscous flux. 

(vi) h = ht + u ■ V/i denotes the material derivative. 

The rest of the paper is organized as follows. In Section 2, we present three main theorems 
of the paper. In Section 3, some useful lemmas are stated, which will be used to prove the 
global existence of classical and strong solutions. The main theorems will be proved in 
Sections 4, 5 and 6, respectively. 

2 Main results 

2.1 Global symmetric classical and strong solutions with vacuum 

Throughout Section 12.11 and the proofs of the main theorems in the section, we take £ = I 
in the Notations. For simplicity, we assume that the external force f = 0. Assume = 
{x|a < |x| < b}, for < a < b < oo. Then for the symmetric cases, (jl.ip takes the form: 

TTIOU 

p t + (pu) x H — = 0, p > 0, a < x < b, t>0, 

x 

pv 2 , mu x mu. 

pu t + puu x \~ P x = P\u xx H T ), 

x x x A 

puv mv x mv (n i i \ 

pvt + puv x H = p( Vxx -\ v^- 1 - 1 ; 

x x x z 

, mw x . 

pw t + puw x = p{w xx + — — ), 

mu mn9 x 
pe t + pue x + P{u x H ) = {k0 x ) x H h p, 

where (3 = 2p + X, p = \{u x + + p (w 2 x + 2u 2 x + (u x - ^f) 2 + ^) . In the spherically 
symmetric case, m = N — 1, x = |x|, u(x, t) = u(x,t)~ and v = w = 0. In the cylindrically 
symmetric case, m = 1, x = \/ x 2 + x\, and 

u(x, t) = u(x, t ) ^ll^S + v ( x A-*2,x 1} 0) + 

X X 

We consider the initial and boundary conditions: 

(p, u, v, w, 0)\ t=Q = {po, u , v , w , 6 )(x) in I, (2.1.2) 

and 

(u,v,w, 9 x )\ x=ab = 0, t>0. (2.1.3) 

2.1.1 Assumptions 

(Ax): p > 0, f lP0 > 0. 

(A 2 ): p and A are constants, p > 0, 2p+(m+l)X > 0. e = C Q(6)+e c (p), P = pQ(9)+P c (p), 
k = k(6), for some constant Co > 0. The constant Cq plays no role in the analysis, we assume 
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C = l. 



(A3): P c (p) > 0, e c (p) > 0, for p > 0; P c G C 2 [0,oo); p\^\ < Cie c {p), for some constant 
Ci > 0. 

(A 4 ) : Q(-) G C 2 [0,oo) satisfies 

fc 2 (/3 + (1 - /3)0 + < Q(0) < C 3 (p + (1 - p)Q + fl^) , 

\c 4 (i + e r )< Q'(0)<c 5 (i + e r ), 

for some constants Cj > (i = 2, 3, 4, 5) and r > 0, /3 = or 1, 
(As): k G C 2 [0,oo) satisfies 

C 6 (l + e q ) < k{9) < c 7 (i + e q ), 

for q > r, and some constants Cj > (i = 6, 7). 



2.1.2 Global strong solutions 



Theorem 2.1.1 ( Strong solutions) In addition to (Ai)-(A^), we assume po > ; po G H 2 , 

uq G H 2 n Hq, 9q G -ff 2 , 9 z #oU=o,i = 0, and t/iai the following compatibility conditions are 
valid: 



/3(u 0x 



+ 



+ 



|x=0,l 

muox 



+ 



X 

rrwow 
x 

mw 0x . 



x 2 
mvo N 



(2.1.4) 



(k(6 )9o x ) x + + p(x, 0) 



po g 4 , x G /, 



for some gi G L 2 , i = 1,2,3,4. Then there exists a unique global solution (p, u, v, w, 6) to 
12TT\) - {2J^\) such that for any T > 

peC([0,T];H 2 ), ( 1t ,^,e)eC([0,T];iJ 2 )nL 2 ([0 l T];ff 3 ), 
(^pu t ,^pv t ,^pw t ,^pe t ) G L°°([0,T];L 2 ), (u t ,v t ,w t ) G L 2 ([0, T]; Hq), 9 t G L 2 ([0,T]; H 1 ). 

Remark 2.1.2 From the assumptions (A<i)-(A 4 ), we know that the polytropic perfect gas 
(i.e., P = RpO, e = C v 9 for some constants R > and C v > 0) is included if we take 
r = j3 = and e c (p) = P c (p) = and Q = 



Remark 2.1.3 The global existence of strong solutions depends onq > r in our analysis. For 
the polytropic perfect gas, Theorem \2.1.1\ works for any q > 0, which relaxes the restriction 
q > 2 in \M \S- 

Remark 2.1.4 Some similar compatibility conditions as ( 2.1.$ can be referred to ^ and 
references therein. In W, the local H 2 -regularity of u and 9 for the polytropic perfect gas 
was obtained. The detailed reasons why such conditions were needed can be found in |^]/. 
Roughly speaking, g\, g2, #3 and 54 are equivalent to ^fpu t , ^fpvt, y/pwt and ^fpet at t = 0, 
respectively. 

Remark 2.1.5 From the derivation of the Navier-Stokes equations from the Boltzmann equa- 
tion through the Chapman- Enskog expansion to the second order (see J^5f and references 
therein), we know that p = p{9), A = \(9) and k = n(9). As in \TT^ [29\ p and A are 
assumed to be constants here, because of the restrictions of mathematical technique. 
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2.1.3 Global classical solutions 



Theorem 2.1.6 (Classical solutions) In addition to (Ai)-(A^), we assume po >0,po& H s , 
(VPo)x e L°°, u G H 3 n H%, 6 G H 3 , d x \ x=Ojl = 0, (Q,P c ,k) G W 3 >°°, and that the 
compatibility conditions {2.1.J$ are satisfied for some gi G I? , i = 1,2,3,4, and y/pogj G Hq, 
j = 1,2,3, and i/po<?4 G H . Then there exists a unique global solution (p, u, v, w, 9) to 
nrOJ - nrOj) such that for anyT>0 

p€C([0,T];H 3 ), (u,v,w,9) G L-([0, T]; if 3 ) n L 2 ([0, T]; ii 4 ), 
(^pu t ,^pv t ,^pw t ,^pe t ) G L°°([0,T];L 2 ), (pu t , pv t , pw t ) G L°°([0, T]; Uq), 
(u t ,v t ,w t )€L 2 ([0,T];Hl), 9 t G f 2 ([0, T]; H 1 ), , pe t £ L°°([0,T}; H 1 ). 

Remark 2.1.7 If po G if 4 , and (uq, vq, wq) satisfies a stronger compatibility conditions 

muox muo , 



1 i;x ~\~ 
xx ~i~ 



xx 



+ 



X 

mv 0x _ 
x 

mwox. 



x^ 
mvo , 



- Px{po,&o) = Po9i, 

P092, 



(2.1.5) 



P093, x € I, 



for some gi G and (J~po~d x gi) x £l 2 , we can obtain by using the similar arguments as in 
gBj that p G C([0,T];ff 4 ) and (u,v,w) G C([0, T\; ii 4 ) n L 2 {[0, T]; ff 5 ). 



2.2 A blow-up criterion in terms of 
tions 



and \\p0\\ 12 for strong solu- 



Throughout Section 12.21 and the proofs of the main theorems in the section, we take £ = M 
in the Notations. In order to establish some sharp blow-up criterions, we only consider 
that k =constant, and that the state equations of P and e is of ideal polytropic gas type: 
P = ap6, e = Co9, where a and Co are two positive constants. The constants a, Co and k in 
the equations play no roles in the section, we assume a = Co = K = 1. If the solutions are 
regular enough (such as strong solutions), (II. ip is equivalence to the following system: 



'p t + V -(pu) = 0, 

put + pu ■ Vjj + VP(p, 9) = pAu + (p + A)Vdivu, 
p9 t + pu-V9 + p9divu = § |Vu + (Vu)'| 2 + A(divu) 2 + A0, in R 3 . 

System (|2,2.ip is supplemented with initial conditions 

(p,u,9)\ t=0 = (p ,u ,9 ), x G M 3 , 

with 

p(x,t) — > 0, u(x,t) — > 0, 9(x,t) — > 0, as \x\ — > oo, for t > 0. 

We give the definition of strong solutions to (|2.2.1[) - ()2.2.3|) throughout Section 
proofs of main theorem in the section. 



(2.2.1) 

(2.2.2) 

(2.2.3) 
and the 



Definition 2.2.1 (Strong solution) For T > 0, (p,u,9) is called a strong solution to the 
compressible Navier-Stokes equations 112.2.1]) - 1(2.2. &]) in M 3 x [0, T], if for some q G (3,6], 

< p G C([0, T];W X ' q n H 1 n L 1 ), p t G C([0, T] ; L 2 fl L"), 
(u,9) G C([0,T]; J D 2 ni9 1 )nL 2 (0,T; J D 2 ^, {u u 9 t ) G L 2 (0,T; fJ 4 ), 
{y/put,y/p6 t ) GL°°(0,T;L 2 ), 
and (p,u,9) satisfies 12.2.1]) a.e. in R 3 x (0,T]. 
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We present our main theorem, which is on a blow-up criterion for strong solutions to (|2.2.ip - 
(|2T!Q1) . as follows: 

Theorem 2.2.2 Assume p >0,p £ ^HW^DL 1 , for some q G (3, 6], (u ,6 ) G D 2 HDq, 
and the following compatibility conditions are satisfied: 

(pAu + + A)Vdivu - VP(p , 6 ) = y/p Q 9i, ,^ 2 ^ 

\ K A6 + % \Vu + (Vu )'| 2 + A(divno) 2 = ^g 2 , x G K 3 , 

for some gi G I? , i = 1,2. Lei (p,u,9) be a strong solution to $2.2.1\) - $2.2.3\) in M 3 x [0,T]. 
If < T* < +oo is the maximum time of existence of the strong solution, then 

Um r SU P, (lHU°°(0,T;£°°) + \\P W L 4, {O)T . L ^^ = °°> ( 2 - 2 - 5 ) 

provided 3p > A. 

Remark 2.2.3 Under the conditions of Theorem \2.2.2l the local existence of the strong so- 
lutions was obtained in J^]/. Thus, the assumption T* > makes sense. 

Remark 2.2.4 For the ideal poly tropic gas with k = constant, we noticed recently that Huang 
and Li in \19§ got the global existence of classical and weak solutions to Cauchy problem of 
in M 3 with small initial energy and non-vacuum state at infinity. 

Remark 2.2.5 Before Theorem \2.2.2l there have been several results on the blow-up criteri- 
ons for strong solutions to (2.2. 1}) . please refer for instance to \12l \39[ \43tf and references 
therein. More precisely, 

• Fan-Jiang-Ou (JTTj, 3D) 

lim sup (||0||L°°(o,t;£°°) + l|Vn|| L i (0it;L ^)) = oo, (2.2.6) 

provided 7p > A. Here the appearance of vacuum is allowed. 

It is well-known that the bound of || Vit 1 1 x,i (o,t;£°° ) yields that H/jIIl 00 ^,*;/, 00 ) ^ s bounded (see 
(2.2) in fllf). if the initial density is bounded. When ||Vii||£i(o t;L°°) i> n (2.2. 6\) is relaxed by 
the upper bound of the density, the following blow-up criterions were obtained: 

• Fang-Zi-Zhang (TWj. 2D) 

lim sup (\\0\\L°°(0,t;L°°) + l|plU°°(o,t;£°°)) = °°, (2.2.7) 
t/-T* 

where the appearance of vacuum is allowed; 

• Sun-Wang-Zhang (JM/. 3D) 



lim SUp ||0[|z°°(O,t;.L°°) + \\p\\L°°tti,t;L™) + 
t/T* V 



L°°(p,t;L°°) 



oo, (2.2.J 



provided 7p > A . Here the appearance of vacuum is not allowed. 
• Wen-Zhu 3D) 

lim sup (||0||z,°°(o,t;L°°) + \\p\\L°°(o,t;L°°)) = °°> (2.2.9) 
tyr* 

provided 3p > A. Here the appearance of vacuum is allowed. 
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Remark 2.2.6 Theorem \ 2.2.2\ is an extension of our former results in (see i2.2.9\) ). 
One of the main ingredients is that the estimates of ||y / P^||L°o(o,r;L 2 ) an d \\^ u \\l°°(o, t-,l 2 ) are 
done together, i.e., 

sup / (p\9\ 2 + \Vu\ 2 )dx+ [ [ (\V6\ 2 + p\u t \ 2 )dxdt <C. 
o<t<T Jm.3 Jo Jk.3 

In \43\l , |Iv / /0^||l° o (o,T;L 2 ) an d Hv / P m IIl oo (o,T;L 2 ) were done together, which needed the upper 
bounds of the temperature and the density. 

3 Preliminaries 

The lemmas in the section will be useful in the next two sections. 

Lemma 3.1 ( t '4%j) Let 0, = [a, b] be a bounded domain in R, and p be a non-negative function 
such that 



< M < I p< K, 
for constants M > and K > 0. Then 



n 



K 1 



pv 

n 



M y > M 

for any v G H l (£l). 

Remark 3.2 The version of higher dimensions for Lemma \3.1\ can be found in jll3f or 

Corollary 3.3 ( UM ) Consider the same conditions in Lemma \3.1l and in addition assume 
ft = I, and 

\\pv\\ L i(i) < c. 

Then for any I > 0, there exists a positive constant C = C(M, K, l,c) such that 

\\v l \\ L °o(i) < C\\(v l ) x \\ L i {I) + C, 

for any v l G H 1 ^). 

Lemma 3.4 (Poincare inequality) For any v £ Hq(I), we have 

\\v\\l°°{I) < Iksllii- 

Lemma 3.5 Assume X C E C Y are Banach spaces and X e — >-^-> E. Then the 

following imbedding are compact: 

(i) L>:<pzL*{p,T-,X),^ eL\Q t T;Y)\ L%0,T; E), if 1 < q < oo; 



(//! ^:^nO,T|4| GL r (0 : .7:V) } -- ( '([U. 71: E). if J < r £ x. 
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4 Proof of Theorem 12.1.11 



In the section, we denote by C a generic constant depending only on ||(po> u o-, v 0i w o, 6o)\\h 2 i 
\\9iWl 2 (* = 1)2,3,4), T, A, |U, a, 6, and some other known constants, but independent of the 
solutions and the lower bounds of the density. We denote by 

A<B 

if there exists a generic constant C such that A <CB. 

The strategies on proving Theorem 12.1,11 are very classical. More precisely, we derive 
various a priori estimates for strong solutions of the Navier-Stokes equations (I2.1.ip - (12.1.3p . 
which are independent of positive lower bounds of the initial density. Then we shall construct 
a sequence of approximate initial data where the initial density has a lower bound e > 0. 
With these a priori estimates uniform for e, we take the limits e — > + . 

From now on, for any T > 0, we shall derive some delicate a priori estimates for the strong 

solutions (p, u, v, w, 0) as in Theorem 12.1.11 with inf p > 0. These energy estimates will 

(x,t)eQ T 

be finished by five steps. 

Step 1: Basic energy inequality 

Lemma 4.1 Under the conditions of Theorem \2.1.1[ we have for any t G [0, T] 

J x m p(l + e + u 2 + v 2 + w 2 ) < C. 

Proof. This bound is standard and follow directly from the equations (ll.ip i , (II. ip ^ and 
the boundary conditions. □ 

Step 2: Upper bound of density 

Lemma 4.2 Under the conditions of Theorem \2.1.1\ we have 

l|plU°°(Qr) - C - 

Proof. The idea of the proof is essentially that of a similar result of Frid, Shelukhin [16] 
where m = 1, but with a slightly modification. We omit it for brevity. □ 

Step 3: i? 1 -estimates of (p,u,v,w) 

The next lemma plays an important role in the paper, whose proofs are improved in 
contrast with |42j . The condition q > r instead of q > 2 + 2r is enough here. 



Lemma 4.3 Under the conditions of Theorem \2.1.1[ for q > r, and for any < a < 
min{l, q — r}, assume 2p + (m + 1)A > 0, we have 

m (i + fl!)g| <c 

where the generic constant C depends on a. 

Remark 4.4 The proofs of this lemma depend on the boundary condition 6 x \ x =a,b = 0. 
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Proof. From (fL2j) and (|2.1.ip . we get 

777.1t, , . , . 777K#, 



t + pue e a + 9P e (u x + —) = «9)9 X ) X + + P- (4-1) 

Substituting e = Q(9) + e c (p) and P = pQ{0) + P c (p) into P~T]) . we get 

P Q'(e)e t + P uQ'{e)e x + P eQ'(e)( Ux + —) = {n{e)e x ) x + — x - + P , (4.2) 

X ' X 



or 



(pQ)t + (p«Q)z + + pOQ'(0)(u x + —) = (k(9)9 x ) x + — ^ + p. (4.3) 



Multiplying (j4.2j) by x m # a , and integrating by parts over Qt, we have 



Q 



r 



0!+ 



a 



_|_ ; ~ X- - _|_ ' 1 ' ' 



OS J/ JO s JQ T x 



< / x m p(l + 1+r ) + / x m Po (l + C) + / 
Ji Ji Jc 



(4.4) 



Qt x 

x m P e l - a (i + e r )\u x + 



where we have used (A4) and Young inequality. Since p > 0, we have from (|4,4p . (A2), (A4) 
and Lemma 14.11 



f)i- - 

+ C I x m p9 1 - a (l + r )K + —I = h + h + h. 

JQt x 
Without loss of generality, we assume A < 0. In fact, if A > 0, I2 is obviously a good term: 

■/Qt ^ 
For A < 0, we use Cauchy inequality to get 

(2/i + \)u 2 x + (2/i + mA)^ + 2 ^f^ 



x 



Qt *° 



< - [2p + (m + 1)A] / x 

JQt 



2 I raff 



2 



(4.6) 



Qt 



For 73, using Cauchy inequality again, we get 

2 1 mu 



h <[2p + (m + 1)A] / x m x ~^ + C / x m p 2 (l + 8 2+2r ~ a ) 
JQt 9 Jq t 

<[2/* + (m + l)A] jf x m x ^ +C I \\e\\ 1 £- a J i tf»pe 1 * + C (4.7) 

<[2p + (m + i)A] / x m x + c / \\e\\^- a + a 

JQ T u Jo 



,2 1 mu 2 r T 

L 

'Q/ 
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Substituting (jMD and (|4"7T|) into we have 



2 /-r 



«/ x^-^KCj \\0\\%T" + C. (4.8) 



It 

Now we estimate the first term of the right hand side of (|4.8 
Case 1: r<q<l+2r — a 

r-T (-T 

c / ll#llitr Q <i 

Jo JO 



L oo I ||cT a x \\ L 2 



where we have used Corollary 13.31 (A5) and Young inequality. 
This gives 



T 1 f kB 2 

l+r—a ^ „ / „m ""i 



c/ ll^llitr- a <-ay^x m ^ + c. (4.9) 



Case 2: g > 1 + 2r - a 

Using Young inequality, we have 

r-T 

c / ii0ii!+r a <i+ ' imr - Qz 



II 2 



JO 

<1 + 



\JI 



<C + C 







(4.10) 



Substituting (j4.9j) or ()4.10p into (|4.8|) . we complete the proof of Lemma [4~3l □ 
The next estimate is a corollary of Lemma [4. 3\ whose proof can be found in [32] (Corollary 
3.1). For completeness, we present the proof. 

Corollary 4.5 Under the conditions of Theorem \2.1.1\ we have 

' T PWl^ 1 <c. 

o 

Proof. By Corollary 13.31 O^s) an d Lemma 14.31 we have 



,|/,|ig-a+l _ f ,|/,2qs+i||2 

— Ir 2 \\l° 
o Jo 



<c. 

□ 
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Lemma 4.6 Under the conditions of Theorem 1 2. we have 

I mi 2 2 , -2 2 , -2 2w /i 

/ x (u x + v x + x U + X V ) <C. 
JQt 

Proof. Multiplying (12. Lip ? and (12.1.1^ ^ by x m u and x m v respectively, and integrating by 
parts over /, we have 



1 d 

2~Jt y 7 



J x rn pu 2 - J x m - l puv 2 + J x m uP x + <3 J x rn (ul + mx~ 2 u 2 ) = 0. (4.11) 



1 d 
2~dl 



J x m pv 2 + J x" 1 - 1 puv 2 + fijx m {v 2 x + mx~ 2 v 2 ) = 0. (4.12) 
Adding (|4.12j) into (|4.11|) . we have 

\jtj Xmpiu2 + v ^ + / xmuPx + P j xm ( u * + mx ' 2u2 ) + f i J xm ( v l + mx- 2 v 2 ) = 0. 

(4.13) 

Integrating (|4.13j) over (0, T), and using integration by parts and Cauchy inequality, we have 



This gives 



[3 x m (u 2 x + mx~ 2 u 2 ) + fx / x m (^ + mi;" 2 » 2 ) 
^Qt JQt 

<\jx m pv{u 2 + v 2 ) + j^ jx m u x P + mJ jx m ~ x uP 

~ c+ L f I xm ( ux+mx ~ iu ^ p 

<-i8 [ x m (u 2 x + mx- 2 u 2 ) + C I x m P 2 . 
2 Jq t Jq t 



-f3 [ x m (u 2 x + mx 2 u 2 ) + fx [ x m (v 2 x + mx 2 v 2 ) 
2 JQt JQt 



<[ x m P 2 (i + e 2+2r ) + i 
Jqt 



Qt 
T 



< I \\0\\lt r I x m p9 1+r + l 



o J I 







where we have used (A2), (A3), (A4) and Lemmas I4.lti4.2i 

Since q > r and < a < q — r, we have 1 + r < q — a + 1. Thus, using Young inequality 
and Corollary 14.51 we have 



-f3 [ x m (u 2 x + mx' 2 u 2 ) + fx [ x m (v 2 + 
2 Jq t Jq^ 

<q— a+1 



2 



-2 2\ 

rax v 







□ 
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Lemma 4.7 Under the conditions of Theorem 1 2. we have for any t E [0, T] 



x m {v 2 x + x- 2 v 2 )+ / x m pv 2 t <C. 
JQ T 

Proof. Multiplying (|2.1.1|h by x m vt, integrating by parts over /, and using Cauchy in- 
equality, we have 

^ d r x m (v 2 x +mx- 2 v 2 ) + £x m pv 2 



2 dt Jj 



x""puv x vt — I x m l puvvt 
I Ji 



<IJ x m pv 2 + C J x m pu 2 v 2 x + C j x m - 2 pu 2 v 2 . 



Thus, we have 



/x-^ j x m {v 2 x + mx~ 2 v 2 ) + J x m pv 2 



£Nli~ll/>lk°° j*™^ + Hi- jx rn pu 2 



< 



x m (u 2 x + mx 2 u 2 ) J x m v 2 x + J x m (v 2 x + mx 2 v 2 ), 



where we have used Lemmas I4.1H4.2I and Poincare inequality. 

By Gronwall inequality and Lemma 14.61 we complete the proof of Lemma 14.71 □ 

Corollary 4.8 Under the conditions of Theorem \2.1.1\ we have 

\Ml~(q t ) + / x m v 2 xx < C. 
JQt 

Proof. This is an immediately result from Lemmas I4.2i 14.61 14.71 Poincare inequality and 

pxi> . □ 

Lemma 4.9 Under the conditions of Theorem \2.1.1\ we have for any t G [0, T] 

x m w 2 x + [ x m pw 2 t < C. 



Proof. Multiplying (|2.1.1|) a by x m wt, integrating by parts over /, and using Cauchy in- 
equality, we have 



x puw x wt 



< l -j i x m pw 2 + l -jx m pu 2 w 2 x . 



Thus, we apply Lemma 14.21 and Poincare inequality to get 

d 
i— 
dt 



x m pw 2 + n- I x m w 2 x <||p||l-»||u||l<» / x m w 2 x 



i Ji 



< 



x m (u 2 x + mx~ 2 u 2 ) / x m w 2 x . 
I Ji 



Using Gronwall inequality and Lemma 14.61 we complete the proof of Lemma 14.91 □ 
Similar to Corollary 14.81 we S e t the next corollary. 

14 



Corollary 4.10 Under the conditions of Theorem 1 2.1. 11 we have 



x m w 2 xx < c. 



Lemma 4.11 Under the conditions of Theorem \2.1.1\ we have for any t € [0, T] 

[ x m ( P 6 q+r+2 + u 2 x + x- V) + [ x m ( P u 2 + (i + e q fe 2 x ) < c. 
Ji Jq t 

Proof. Multiplying (|2.1,ip 9 by x m ut, integrating by parts over /, and using Cauchy in- 
equality, we have 



XmpUt + 2Jt j I xm « + mx u ) 

x m puu x u t + / x m - 1 pv 2 u t - I x m P x u t 



x m pu\ + C J x m p{u 2 u 2 x + x~ V) + J x m Pu xt + m J x m - x Pu t . 
This, along with Lemma 14.21 and Poincare inequality, deduces 



x pu t + ——p I x [u x + mx u ) 



4 t 2dt 



<C\\p\\l°° J x m u 2 x + C j x m ~ 2 pv^ + J t j i x m Pu x - J x m P t u x + m J x m ~ x Pu t 

<C (j x m (u 2 x + rra- 2 « 2 )J + j t j x m Pu x + C x m ~ 2 pv A - j x m P t u x + mj^ x^pif^ 



For II3 , using Lemma 14,11 and Corollary 14.81 we have 

Ih <IMIi« fx m P v 2 < C. (4.15) 

For we have 

ih = - /r 1 jx m p t {p Ux - p) - /r 1 fx m P t P 

= - /3" 1 J x m {pQ) t {i3u x -P)- /T 1 J x m P c (p) t {(3u x -P)--L±J x m P 2 
3 

1=1 

For II^i, using (|4.3|) and (|2.1,1|) 9. we have 

- P) [(x m K0 x ) x + x m p - {x m puQ) x - x m p6Q'(6)(u x + — ] 

=r l J x m {Pu x - P) x (k9 x - puQ) + /T 1 J iX m (f3u x - P)p6Q'(6)(u x + ™) 

-/r 1 jx m {p Ux -p) P 

n -A f m, P v<2 mPu x m/3u., n 
=/3 1 / x m {pu t + puu x — + —^)(k9 x - puQ) 

J j XXX 



+ /T 1 / x m (f3u x - P)p6Q'(6)(u x + ™) - /T 1 I x m (/3u x - P)p. 
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Recalling p = \{u x + + n [w x + 2u 2 + ( Vx - + 



mv\2 i 2mu 2 



we have 



Ih,i <^J x m pu 2 t +C J x m pu 2 Q 2 + C J x m (Kd x ) 2 + C J x m u 2 u 2 x + C J x m pv 4 + C J x m u 2 x 

+ C [ x m ~ 4 u 2 + Csup(l + 9 l+r ) [ x m (u 2 + p 2 Q 2 + p + x~ 2 u 2 ) 
J i xei J i 

+ C\\/3u x - P\\ L oo J x m (u 2 x + x~ 2 u 2 + w 2 x + v 2 x + x- 2 v 2 ) 
<^J x m pu\ + C J x m (u 2 x + aT V) J x rn p{l + e 2+2r ) + c J x m { K e x ) 2 

+ G iJ x m {u 2 x + x~ 2 u 2 )\ + C aup(l + 9 q - a+1 ) 1^ x m (u 2 x + p(l + 9 2+2r ) + x- 2 u 2 ) 
+ C\\/3u x - P\\ L oo j^x m {u 2 x + x~ 2 u 2 + w 2 x + v 2 x + x~ 2 v 2 ) + C 

<\ I x m pu 2 t +C sup 9 1+r [ x m {u 2 x + x- 2 u 2 ) + C [ x m (K6 x ) 2 
° J I xei J i J i 

+ C ( [ x m (u 2 x + x~ 2 u 2 )) + C sup(l + 0«- a+1 ) / x m (u 2 + p(l + #"+ r + 2 ) + S ~V) 
\Ji ) xei Ji 

+ C\\/3u x - P||loo J x m (u 2 x + x~ 2 u 2 + w 2 + v 2 x + x~V) + C, 

where we have used Young inequality, Poincare inequality, Lemmas 14. 1114. 21 (A2), (A4), (|4.15|) . 
<7 > r and a < q — r. 

This, along with Sobolev inequality, Cauchy inequality, Lemmas 14.21 14.7 1 14.91 and (12. 1 . 1 j) . 

deduces 



Ih,i <^ J x m pu 2 + C x m (K^) 2 + C (V x m (u 2 + aT 2 u 2 )^ 
+ Csup(l + 6 q - a+1 ) 1 + j^x m (u 2 + p09 +r + 2 + arV) 



x6/ 



+ C(||(/3^-P) x || L 2 + ||/3^-P|| i2 ) 



1 + jx m {u 2 x + x~ 2 u 2 ) 



C 



<~ jT x"> 2 + C x m (^) 2 + C (V x m (u 2 + arV)^ 



+ Csup(l + # 9 



—a+l\ 



1 + Jx m (u 2 +/# ?+r+2 + 



r+2 1 -2 2"\ 
1 X It 



+ C \\pu t + pnn a . 



pv 2 mf3u x m(3u 



<i jf x m pu 2 t +C J x m ( K 6 x ) 2 + c(J x m (u 2 x + x- 2 u 2 )^ 



P\\ L 2^j 1 + Jx m {u 2 x + x- 2 u 2 ) +C 



+ Csup(l + # 9 



-a+l\ 



1 + Jx m (u 2 x + P 6 q+r+2 + 



r+2 ' x- 2 u 2 ) 



+ C. 
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For 1/4,2, using (|2.1.ip i . integration by parts, Lemma l4T2l (.A3) and (A4), we have 
Ih,2 =P~ l I ' x m P' c {p){p x u + pu x + mx- x pu)^u x - P) 



1 



=/T 1 J x m (P c ) x u((3u x -P) + /T 1 J x m (P c )'pu x (f3u x -P)+ /T 1 j mx m - l (P c )'pu{l3u x 

< - /T 1 J x m P c u x (f3u x - P) - /T 1 j x m P c u(fiu x - P) x - /T 1 j mx m ~ l P c u{Pu x - P) 
+ C J x m {u 2 x + x' 2 u 2 ) + C J x m p{l + e 2+2r ) + c 

< - /T 1 J x m P c u{pu x -P) x + C J x m {u 2 x + x~ 2 u 2 ) + C J x m p(l + e 2+2r ) + c. 

Using ([2.1.10 9. Lemmas I4.1H4.21 Corollary I4.8[ (A3), Poincare inequality, Young inequality 
and a < q — r, we have 

IL 2 = - p x P c u(pu t + puu x 1 5-) 

Jj X X x z 

+ C J x m (ul + x~ 2 u 2 ) + C J x m p(l + e 2+2r ) + c 
<^jx m pu 2 + cjx m pu 2 + C\\u\\ 2 L ^\\p\\ L ~jx m ^ 
+ C J x m {u 2 x + x~ 2 u 2 ) + C J x m p(l + 6 2+2r ) + C 

<^jx m pu 2 t + C (Jx m (u 2 x + x~ 2 u 2 )\ +Csup6 q - a+1 + C. 

Putting all the estimates about 1/4,1 an d 11^2 into II4, we have 
1 d 



II A < 

2/3 dt 



j x mp2 + 1 j x m pu 2 + q f x ™( K Q x f +c( [ X™ ( U 2 X + X~ 2 U 2 )) 

Ji 2 h Ji \Ji J u 16 ) 

1+ f x m ( U 2 x + pO<* +r+2 + x- 2 U 2 ) 



+ Csup(l + ^- Q+1 ) 



1 



+ c. 



For U5, recalling P = pQ + P c , we have 

I/s =m J x m - x pQu t + m J x m - l P c {p)u t 

<^J x m pu 2 + C J x m p{l + d 2+2r ) + C jx m p 

<i j x m P u 2 + c{\\e\\ q L~" +l + i)J * m p0 1+r + c 

where we have used Lemma |4.1[ Young inequality and (A4). Note that P c (0) = by 
and (A 2 ). 



(4.17) 
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Putting (ETL51) . <KW\i and (HTTP into KWi . we have 

<C (J x m {u 2 x + mx~ V)) + x m Pu x ~^J t j i * m P 2 + \J + C x m ( K 9 x ) 

1 + J x m (ul + p6 q+r+2 + mx- 2 u 2 ) 



+ C sup{l + e q ~ a+1 ) 

x£l 



+ c. 



Thus, 



- / x m pu 2 + ^j t I .,■">* + m,--a~) 



<c(Jx m {ul + mx- 2 u 2 )^ +J t l xmpu *-^J t l xmp2 + C J i xm ( Kd *) 2 ( 4 - 18 ) 



+ Csup(l + ^- Q+1 ) 

x£l 



1 + I x m (u 2 x + p9 q+r+2 + mx- 2 u 2 



C. 



Integrating (|4.18j) over (0, t) for t £ [0, T], and using Corollary 14.51 and Cauchy inequality, we 
have 



ft 

*./o J i ' ' 1 



' 1 " f x m pu 2 + f / x m (u 2 x + mi-\ 21 



<C J* (J x m (u 2 x + mx' 2 u 2 )^ + x m P«, + C J* J x m ( K x ) 2 
+ C f sup(l + 6 q - a+l ) [ x m (v 2 + P 6 q+r+2 + mx- 2 u 2 ) + C 

JO xEl Jl 

<C J* (J x m (u 2 x + mx- 2 « 2 )J +£J X ™ U 2 X + C J x m (p 2 Q 2 + P c 2 ) + C J 
+ c f su P (i + e q - a+l ) [ x m (u 2 x + P 6 q+r+2 + mi- 2 a 2 ) + c. 

Jo xGl Ji 



X m {K0 x ) 



Thus, 




o J I 



x m pu 2 t + J x m (u 2 x + mi" 2 « 2 ) 
<C J* ^x m (u 2 x + mx- 2 u 2 )^ +C jx m P 9 q+r+2 + C J* jx m {n6 x ) 2 (4.19) 
+ C f sup(l + 9 q - a+l ) I x m (u 2 x + p6 q+r+2 + mx- 2 u 2 ) + C. 

Jo x£l J I 

The next step is to handle the second term and the third one on the right hand side of (|4,19p . 
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Multiplying (|4.2f) by x m J Q d£, and integrating by parts over /, we have 

f x m p Q'(rj) £ «(£) + ^ ^ m («^) 2 

x m p9Q'{e){u x + mx~ l u) / + A / x m {u x + mx^uf / d£ 

Jo J i Jo 

+ ii j x m (wl + 2u 2 + (v x - mx~ l v) 2 + 2mx~ 2 u 2 ) J k(£) d£ (4.20) 
y x m p(l + 6» 1+r )|ii :c + mx~ x u\ + y x m (> 2 + u 2 + «x + x ~ 2t;2 + a^V)^) 



<II^(i + ^)IIl 



||0(1 + 09)|U=o [ 1 + ( / x>0 2r+2 )^ n x m (u 2 + x"V)J " + y x"> 2 + arV) I , 



where we have used (A4), (-A5), Lemmas 14.11 14.2| 14,71 and 14.91 Holder inequality and Cauchy 
inequality. 

By Corollary 13.31 we have 

||0(1 + 5 )||l« < M^ + l- ( 4 - 21 ) 
Putting (|4.2ip into ()4.20p . and using Lemma EL"T1 and Cauchy inequality, we have 



j t jx m P U Q'(r,) £ niO^dri) + Jx m {K9 x f 



<C(\\k6 x \\ L 2 + 1) ^l + (yx m p^ 2r+2 )5 i^Jx m {ul + x- 2 u 2 )J + yx m (u 2 +x-V)J(4.22) 

~\ Si xm( - K9x ^ + C W e Wi£ I xm{ ^ + x ' 2u ^ + C (i + x ~ V )) + C - 
Integrating (|4.22 j) over (0,t), and using (A4), (A5) and Young inequality, we have 

/ x m /9^ +r+2 + /* / x m { K x ) 2 

1 t ° ' t 2 (4-23) 

<Cy ll^ll^ +1 jx m {u 2 x + x- 2 u 2 ) + C y f^jx m {u 2 x + x- 2 u 2 )^ +C. 

By (|4.19|) , (|4.23p , Corollary 14. 5| Lemma 14.61 and Gronwall inequality, we complete the 
proof of Lemma 14.111 □ 

By Poincare inequality and Lemma |4.11| we get the next corollary. 
Corollary 4.12 Under the conditions of Theorem 1 2.1. 11 we have 

\\u\\ L oa(Q T ) < C. 

Corollary 4.13 Under the conditions of Theorem 1 2. 1.1\ we have 

T \\e\\l^ 2 <c. 
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Proof. By Corollary 13.31 and Cauchy inequality, we have 
/ T snp^+ 2 < [ T [ 9^ +x \e x \ + l 

JO xei Jo Jl 

<I [ T supO^ + C [ e 2 «el 
2 Jo xei Jq t 

This together with Lemma 14.111 completes the proof of Corollary 14.131 □ 
Lemma 4.14 Under the conditions of Theorem \2.1.1\ we have for any t € [0, T] 

[ x ^pl + pl)+[ x m u 2 xx <C. 

J I JQ T 
Proof. Differentiating (|2.1.ip i . we have 

Pxt + PxxU + 2p x u x + pu xx + mx~ 1 p x u + mx~ l pu x - mx~ 2 pu = 0. (4.24) 
Multiplying ([4.24|) by 2x m p x , and integrating by parts over I, we have 

j t J x m p 2 x = - 4 J x m p 2 x u x - J x m {p 2 x ) x u - 2 j x m p Px u xx 



-2m I x m 1 p 2 x u -2m x m 1 pp x u x + 2m / x m 2 pp x u 



:> / x m p 2 u x - m I x m l p 2 x u -2 J x m pp x u x 
2m I x m ~ 1 pp x u x + 2m I x m ~ 2 pp x u 



(4.25) 



i=l 



For IIIx, using Sobolev inequality, Young inequality, (A2), (As), (A4), and Lemmas 14.1114.21 
14.111 we have 

nil = - 3/r 1 Jx m P 2 x {pu x - p) - 3/r 1 Jx m P 2 x p 

< (\\(3u x - P\\ L oo + \\pQ + P c \\ L oo) J x m p 2 x 

< [\\f3u x - P\\ L 2 + || - P) X \\ L 2 + ||1 + 6 r+l \\ L ~) fx m p 2 x 

<(l +su ^- a+1 +Wu x -P) x \\ L ^\ f: 
\ xei J Jl 



(4.26) 



x m pl 

For \\(j3u x -P) X \\ L 2, using ([2"Xl> . Lemmas HH Corollary EES] and Corollary E3 we 
have 

\\(/3u x - P) X \\ L 2 <||/out||£a + \\puu x \\ L 2 + ||x _1 /w 2 ||l 2 + lk _1 ^x||L2 + ||x" 2 u|| L 2 
^IIv / P'^IIl 2 + 1 - 
Substituting (14271) into (|4~26j) . we obtain 

Jill < f 1 + sup^- a+1 + HVp^IIl^ / *"V*- (4.28) 
V xei J J 1 
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For Illi, i =2, 3, 4, 5, we have 

Ilh < \\u\\ L °o fx m p 2 x < fx m p 2 x . (4.29) 

IIh< fx m pl + j x m ul x . (4.30) 

Ilh < J x m pl + J x m u\ < J x m p 2 x + 1. (4.31) 

III S < J x m p 2 x + J x m ~ 2 u 2 < J x m p 2 x + 1. (4.32) 
Putting (|4T28l) - (Q2D into (I4T25]) . we have 

jJ'^Pl S (l + sup^- Q+1 + llv^tll^) j'^pl + jx m ul x + 1. (4.33) 
By flfOTD, (A 2 ), (A 3 ), (A 4 ) and LemmaEOl we have 

/ rn 2^1 rn 2 . / rn 2 r\2 . / rn 2ir\l\2r\2 . / rn 2 , i 

/ a "aw ~ / x pu t + x p x Q + x p (Q) 9 X + x p x + l 
Ji Ji Ji Ji Ji 



< [ x m P u 2 + (i + sup e 2+2r ) [ x m P l+ [ x m (i + e 2r )e 2 x + i. 

J I x£l J I Ji 

Since q > r, using Young inequality, we have 

f x m u 2 xx < [ x m pu 2 + (1 + sup0 2+2g ) f x m p 2 x + [ x m (l + Qifel + 1. (4.34) 
Ji Ji xei Ji Ji 

Substituting (|4.34p into (|4.33p . and using Corollary 14.51 Lemma [4.11[ Corollary 14.131 and 
Gronwall inequality, we get 

fx m p 2 x <C. (4.35) 
Substituting f|4.35j) into (|4.34|) . and using Lemma 14.111 and Corollary 14.131 again, we have 



0C '^'xx < ~~~~~ ' 



The estimate for p t can be obtained easily by (|2.1.ip i . □ 

Step 4: H 2 estimates of (p, u, v, w) and H 1 estimates of 9 

Lemma 4.15 Under the conditions of Theorem \2.1.1[ we have for any t £ [0, T] 

[x m pv 2 +[ x m (v 2 xt + x- 2 v 2 )<C. 
J i Jq t 
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Proof. Differentiating f)2. 1 . 1 [) ^ with respect to t, we have 

OUtV + x^ 1 OUVt 

(4.36) 



pvtt + pm + Ptuv x + pu t v x + puv x t + x x ptuv + x 1 pu t v + x 1 puv t 



=p(v xxt + mx 1 v xt -mx 2 v t ). 
Multiplying (|4.36p by x m vt, and integrating by parts over /, we have 
1 d 
2~dt 



oil / x m pvj + p / x m {v 2 xt +mx V) 



1 f m 2 f ml Pt uv [ m ( P U t v + P uv t \ 

- J x p t v t - j x {p t uv x + — — )v t - j x \pu t v x + puv xt H I ^(4.37) 



=t IV - 

1=1 

For IV\_, using (|2.1.1|) i , integration by parts, Cauchy inequality, Lemma 14.21 and Corollary 
14.121 we have 



1 



IVi =- I (x m pu) x n 



x m puv t v xt (4.38) 
<^jx m v 2 xt + cjx m pv 2 . 



Similarly, for IV2, we have 



uv s 



IV2 = / (x m pu) x (uv x + —)vt 



X 



u x v + uv x uv f uv 



x m pu(u x v x + uv xx H 5- )vt - / x m pu(uv x H )n 



X* J 1 X 

u 2 u 2 .v 2 + u 4 v 2 , u 4 v 2 



2 + 

x z 



<C J x m pv 2 t +C j^x m p (u 2 u 2 x v 2 x + u 4 v 2 xx + 

+ I jf x™v 2 xt + C j i x™p 2 u\u 2 v 2 x + ^) (4.39) 
<C j x m pv 2 t + C|H||cx, j x m u 2 x + C J x m v 2 xx + C\\u x \\ 2 L oo J . 



x m ' 2 v 2 

" .// 

+ C J x m v 2 x + C j x m ~ 2 v 2 + I y x m i4 

<c y x">? + c y * m <4 + c y + f / ^ + c, 

where we have used (I2.1.ip i . integration by parts, Cauchy inequality, Lemmas 14.21 14.7 1 14.111 
Corollary 14.121 and Sobolev inequality. 

For IV3, using Cauchy inequality, Lemmas 14.21 14.71 Corollary 14.81 Corollary 14.121 and 
Sobolev inequality, we get 

IV 3 = - / x m pu t v x vt - / x m puv xt v t - / x rn ~ 1 pu t vv t - / x m ~ l puv 2 



<C j x m pu 2 + C j x m pv 2 x v 2 + | y x m v 2 xt + C j x m p 2 u 2 v 2 t + C j x m - 2 pv 2 v 2 
+ C fx m pv 2 

<c y x m P u 2 + 1 y *^ + c(i + y y 



(4.40) 
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Putting (|£ggj) . (i4~39l) and (OOll into (OT]) . we have 

<C(1 + / s m i4) / x m pv 2 t + C [ x m v 2 xx + C [ x m u 2 xx + C [ x m pu 2 + C. 
Ji Ji Ji Ji Ji 

It follows from (|4.4ip , Corollary 14.81 Lemmas I4.11| 14.141 the compatibility conditions and 
Gronwall inequality, we complete the proof of Lemma 14.151 □ 

By (f2XTjh . Lemmas EM KH KM EES KM Corollary EM Corollary KM and Sobolev 
inequality, we get the next estimate. 

Corollary 4.16 Under the conditions of Theorem 1 2.1. 11 we have for any t £ [0, T] 

\\v\\wI'°°(Qt) + / xmv lx + / x m v 2 xxx < C. 
J I JQ T 

Similar to Lemma [4. 151 and Corollary 14.161 we obtain the next lemma and the next corollary. 

Lemma 4.17 Under the conditions of Theorem \2.1.1\ we have for any t £ [0, T] 

[ x m pw 2 + / x m w 2 xt < C. 
J I JQ T 

Corollary 4.18 Under the conditions of Theorem 1 2. 1.1\ we have for any t £ [0,T] 
\\M\w^{Q T ) + / xTriw lx + / x m w 2 xxx < C. 

J I JQ T 

Lemma 4.19 Under the conditions of Theorem \2.1.1\ we have for any t £ [0, T] 

[ x m {pu 2 + (i + e*) 2 el) + / x m {u 2 xt + x - 2 u 2 + P (i + e^)e 2 ) < a 

J I JQt 
Proof. Differentiating ()2.1.ip 9 with respect to t, we have 

ptv 2 2pvv t „ _ / rnu x t mut\ . 

pu tt + Ptu t + Ptuu x + pu t u x + puu xt h P xt = p[ u xxt H 5- (4.42) 

xx V x x z / 

Multiplying (|4.42j) by x m ut, and integrating by parts over /, we have 
\j t Jx m pu 2 + P Jx m (u 2 xt + 



mui 



X 2 



I „m„ „,2 /„,to„„,„, „, 1 /„.m-l„„.2„, / rn , i , 2vVt- 



- J x m p t u t - J x m p t uu x u t + J x m p t v tit - J x m p{u t u x + UU xt ~) Ut 

"' 1 1 (4.43) 

P t {x m u xt + mx m - x u t ) 



1 



5 



=1 
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For V\, using (|2. 1 . 1 [) i . integration by parts, Cauchy inequality, Lemma H~2l Corollary 14.121 
we have 

Vi =\ f (x m pu) x u 2 



l 



l 



x m puu t u xt {AAA) 



<^ Jx m u 2 xt + C Jx m pu 2 . 

For V2 and V3, using (|2.1.ip i . integration by parts and Cauchy inequality again, along with 
Sobolev inequality, Lemmas 14.2} 14.71 14.111 Corollary 14.81 and Corollary 14. 12} we get 

r v 2 ut 

V 2 + V3 = / (x m pu) x (uu x u t ) 

J 1 x 

2vv x ut + v 2 u x t v 2 u t s 



X 2 



f m ( 2 , , 2vv x u t + v z u xt 

= - / x pu(u x u t + uu xx u t + uu x u xt h 

Ji x 

<C J x m pu 2 u 2 x + C J x m pu 2 u\ + C J x m pu 2 + C x m pu 4 u 2 xx + x m u 2 x iAA5) 

+ C J x m p 2 u 4 u 2 x + C j x m pu 2 v 2 v 2 x + C J x m p 2 u 2 v 4 + C J x m pu 2 v 4 
<C(1 + J ul x ) j x m pu 2 + C J x m u 2 xx + x m u 2 xt + C. 
For V4, we have 



Va <\\u x \\lc 



J x m pu\ + x m u 2 xt + C J x m p 2 u 2 u\ + C J x m pu\ + C J x m - 2 pv 2 v 2 



<^fx m u 2 xt + C(l + \\u x \\ m ) fx m pu 2 + C, 



(4.46) 



where we have used Sobolev inequality, Lemmas 14.21 14.15} Corollary 14.81 and Corollary 14.121 
For V5, using Young inequality, (A2), (A3), (A4), and Lemmas 14 . 2 \ 14 . 1 41 we have 



V,< P -Jx™{ul t + ^) + cJx™P? 

<^Jx m (u 2 xt + ^) + C fx m p 2 (d p P) 2 + C fx m e 2 (d e Pf 



/ x m (u 2 xt + ^) + c(i + sup e 2+2r ) [ x m P 2 + c I x m P 2 (i + e 2r )e 

Jl x z xeI Jj Jj 

<!L I x m (u 2 xt + ^) + Csup^ 2+29 + c [ x m P (\ + e q+r )e 2 + a 

° Jl x xe j Jj 



(4.47) 



Putting (|Q3|) . (IQ6]1 and (lOTjl into (H~4H . we have 



<C(1 + / n 2 J / x"> 2 + C / x m nL + C sup 2+2<? + C / x m p(l + 9+r )0 2 + C. 

J I J I J I xGl Jl 



(4.48) 
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Integrating (|4.48p over (0, t), and using the compatibility conditions, Lemma 14. 141 and Corol- 
lary [lJ31 we obtain 

m 2 . f f mi 2 , mu t \ 

x pu t + x (u xt + — =-) 

^ 7j X t (4.49) 

<C / (1 + / uL) / + C / / s>(l + 0*+^? + c. 

JO JI JI JO 7/ 

The next step is to estimate the second integral of the right hand side of (14.491) . 

Multiplying (14. 2h by x m (^J Q S d^j (i.e., x m K(0)6t), and integrating by parts over I, 



we have 



f' x m puQ'e x Ke t - [ x m P 6Q'(u x + —)K0 t + A f x m (u x + — ) 2 f / 9 # 
+ /i ^ x m ^ 2 + 2u 2 + (v x - —f + — -g-J (J^ k(£) dij 



i=i 



For VIi, using Cauchy inequality, (A4), (A$), Lemma 14.21 and Corollary 14.121 we have 

Vh<- [ x m pQ'K0 2 + C [ x m P Q'Ku 2 0l 

\ Jl r } \ (4.51) 

<-J x m pQ'ne 2 t +c J x m {\ + e q ) 2 e 2 x . 

For VI2, using Cauchy inequality, (A4) and (A5) again, along with Lemmas 14.11 14.111 and 
Corollary 14.121 we have 

vi 2 <- A fx m pQ'Ke 2 + cf^x m pQ'Ke 2 (u 2 x + ^) 

<- A Jx m P Q'Ke 2 + C(\\u x \\ 2 LOO + \\u\\ 2 LOO ) Jx m p(l + e q+r+2 ) (4.52) 



<- A I x m pQ'K6 2 + C / x m u 2 xx + C. 



For VI3, we have 



Vh <^ U [ x m {u x + —f f «(0 dA -2\f x m (u x + ™)(u xt + ^) /* «(0 d£ 
dt \ Ji x Jo ) J 1 x x J 



- A iU XmK + V )2 / ^)^j+C||0(l + ^)||^^x m (^ + ^)) (I..-,'!! 



2 



~ X Jt {Si Xm(Ux + [ <0 + lli2 + 1} (/ ^ + ^ } ) " 

where we have used Holder inequality, Lemma |4.11|. (I4.21D and (A§). 
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For VI4, using Holder inequality, (|4.2ip and Lemma 14.111 again, along with Lemmas 14.71 
79l we have 



l' m { mv rnvt. 2muut\ f 6 
-2p x w x w xt + Zi^it^ + (v x ){v xt ) H 5 — / d£ 

Jl \ X X X 1 ) Jq 



< M ~ J x m Ll + 2u 2 + (v x - ™? + ^) jf «(0 d£ + C(H,|| W + 1) (/* m «4) 
+ C(||/ e se || £a + l) 



£.54) 



s w t&)' + ( /x™(^ + ^))- + ( 



Substituting (14511 . (l452i (1453]) and (|3~54) into (gJaQj) , we have 

<2p± j i x- (wl + 2u 2 + " + ^) ^ ^ 

+ 2A| ( jf x ™(^ + ™fj° «(£) ^)+ C l ^C 1 + e<? ) 



(4.55) 



+ C jf a; m < + C7(|| K ^|| L2 + 1) ( / 



+ C7(||^|| i2 + 1) 



Integrating (|4.55p over (0,t), and using (Ai), (A5) and Lemma f4. 141 we have 



+ C. 




x m P {i + e q+r )6 2 t + / x m {i + 
/(i .// 7/ 

,,2 „,2^ 



<jx m (wl + ul + vl + v ^ + t^j^ + jx m {i + e«fe : 



2q2 

x 



+ / {\\k9 x \\ l , + 1) / x m wi t + / {\\k9 x \\ l , + 1) / x m u: 



„m 2 



(4.56) 



+ 



/"(Mai 

JO 



L 2 



+ 1) 



+ 1. 



Using (I4.2ip , (I4.56P , Cauchy inequality and Lemmas 14.151 14.17} we have 

I I x m P (i + e q+r )e 2 t + I x m {\ + e q ) 2 e 2 x 

Jo Jl Jl 



<c J Jx m (i + e q fel + c I (||^|| L2 + i) 



x m u 2 xt + x m - 2 u 2 



(4.57) 



C. 



By (|4.49p , (|4.57p , Cauchy inequality and Gronwall inequality, we complete the proof of Lemma 
By Lemmas 13.11 and 14.19} we get the next corollary. 
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Corollary 4.20 Under the conditions of Theorem 1 2.1. 11 we have 



\L°°(Q T ) 



< C. 



Corollary 4.21 Under the conditions of Theorem 1 2. 1.1\ we have for any t £ [0, T] 



|«||ivi,»(q t ) + / x m u 2 xx + 



X y, y, ^ C. 



Proof. By H4-34\ ), Lemma \4-14\ Lemma \4-19 and Corollary \4- 20 , we get 



< C. 



(4.58) 



It follows from ^4-58 ), Lemma \4-H\ Corollary \4- 12 and Sobolev inequality, we obtain 

< c. 



By flU) , [158] ), (A 4 ), (As), Lemmas \£2\ pEfl \JH\ Corollaries tfJfy \lT8} \4~20] and 

Cauchy inequality, we have 



J x m el x < J x m P e 2 + J x m el + J x ^ u i + ^) + J x ™e x + J x m (u$ + 

<f^p9* + fx m e x + l 

<jx m P e* + Wl\\L~jx m el + i 
<Jx m P e 2 t + \\e x e xx \\v + i 

<C Jx m p8* + ±Jx m 2 xx + C. 



u 



This deduces 



x m 6 2 xx <C I x 



m - a2 + C. 



ii J I 

Integrating over (0,T), and using Lemma \4-19 , we get 



(4.59) 



X $ xx — ^ ' 



Qt 



Lemma 4.22 Under the conditions of Theorem \2.1.1[ we have for any t € [0, T] 

x Pxx + / x u xxx — C- 

Proof. Differentiating (|4.24p with respect to x, we have 

mp xx u 2mp x u x 2mp x u 2mpu x 

Pxxt — Pxxxtl ^Pxx^x 3p x U xx pU xxx I ^ I ^ 



□ 



x- 



x- 



2mpu mpuj 



(4.60) 



x 
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Multiplying (|4.6Q|) by 2x m p xx , integrating by parts it over /, and using Holder inequality, we 
have 



d_ 

It 



1 



— I xm plx = - 5 / x m p 2 xx u x - m I x m l p 2 xx u - 6 / x m p x p xx u xx - 2 / x m pp xx u a 



\rn j x m l p x p xx u x + 4m / x m 2 p x p xx u 

i r , (4.6i) 

+ 4m / x m pp xx u x - Am I x m pp xx u -2m x m pp xx u xx 



i=l 



For Vlli, i =1, 2, 3, using Cauchy inequality, Lemma 14.141 and Corollary I4.21|, we have 
Vlh + Vlh + Vlh <(KIU~ + \\u\\l~) fx m p 2 xx + Jx m p 2 x u 2 xx + fx m p 
<jx m p 2 xx + \\Px\\ho J x m u : 



„m 2 
7 ra 



.m 2 
l xx 



(4.62) 



/ /'.r.r 

7" 



For Vlli, i =4, 5, 6, using Cauchy inequality, Lemma 14.141 and Corollary 14.211 again, along 
with Lemma 14.21 we have 

Vlh + Vlh + Vlh < j x m p 2 xx + J x m u 2 xxx + J x m p 2 x u 2 x + J x m p 2 x u 2 

,jx m p 2 xx + jx m u 2 xxx + (KHioc + \\uWlo.) jx m p 2 x (4.63) 



< 



r*j I " I 'r.r ' I " " .r.r.r 

n Ji 



x Pxx ~\~ X U xxx + 1. 



For Vlli, i =7, 8, 9, using Lemma 14.21 and Corollary 14. 21[ we have 



Vlh + Vlh + VII 9 < I x m p z xx + J x m p z u z x + J x m p z u z + J x m u z xx p 



< Jx m p 2 xx + l. 



(4.64) 



Substituting (j4T62"D . (j4T63D and (gjj]) into (jUTTD . we have 



j t j ,•">;,,.< /, ■'''/>;„. + /,•"',;.,..,. + 1. (.1.05) 



J 7/ 7/ 



Differentiating (I2.1.ip 9 with respect to x, we have 



2 2pvv x p x v 2 pv 2 

pu xxx =p x u t + pu xt + p x uu x + pu x + puu xx 1 T + P xx 

x x x z 



mf3(xu xx - u x ) mf3(xu x - 2u) 
x 2 x 3 



(4.66) 
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By (|4.66p . we have 

J/ J/ J/ J/ 



a; u: 



;j;;r 



< 



+ / x m p 2 v 2 v 2 x + [ x m p 2 x v A + [ x m p 2 v A + [ x m P 2 xx + f x m iu 2 xx + u 2 x + 
7/ 7/ 7/ 7/ j j 

2 

X 

(4.67) 



2 «f+ / a:V«^+l|«lli<»ll«x||i« / x m pl + \\p\\l°°\\ux\\l°° x m u 2 x 
I Ji Ji Ji 



+ IIpIIl»II«IIl« / x m u 2 xx + \\p\\l°°\\v\\l°° / x m vl + Hi™ / x m p 2 x 



+ \\ph~\\v\\i~ fx m pv 2 + ^x m P 2 x + 1 
< jf x> 2 u 2 + J x m p 2 u 2 xt + jf x m P 2 x + 1, 



where we have used Lemmas 14.21 14.141 an d Corollaries 14.161 14.211 We need to control the 
right hand side of (|4.67p . 
For the first one, we have 

fx m p 2 x u 2 < IMHoo jx™p 2 x < fx m (u 2 xt + ^|). (4.68) 

For the second one, we have 

jx m P 2 u 2 xt < HpIIIoc jx m u 2 xt < jx m u 2 xt . (4.69) 

For the third one, recalling P = pQ + P c (p), we have 

/ x m P 2 x = [ x m \p xx Q + 2p x Q'9 x + pQ"dl + pQ'9 xx + P'lpl + P' cPxx \ 2 

Jl Jl (4.70) 

r^, I X p xx + / X 9 XX + 1, 



1 



where we have used (A3), (A4), Lemmas 14. 2\ 14. 141 14. 191 Corollary |4.20l and Sobolev inequality. 
Substituting (ETB81 . (EL"69|) and (|4"770l) into (^671) . we have 



x m u 2 xxx < I x m (u 2 xt + %)+ I x m p 2 xx + I x m 6 2 xx + 1. (4.71) 



7 J/ £ 2 7/ 7/ 



Putting (|4T7T|) into P~65j) . we have 

jf * m pL < jx m {u 2 xt + ||) + jf * m /& + / + I- (4-72) 



By (|4.72|) . Lemma 14.191 Corollary 14.211 and Gronwall inequality, we have 

x m p 2 xx <C. (4.73) 
Using Lemma 14. 191 and Corollary 14.211 again, along with (|4.7ip and (|4.73p . we get 



m„,2 

Q 



X '^'xxx ' 



□ 
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Corollary 4.23 Under the conditions of Theorem 1 2.1. 11 we have for any t G [0, T] 

„m „2 i II „|| i II „ II i/ „,m „2 



X m ptt + \\P\\W^(Q T ) + \\Pt\\ L <~(Q T ) + / x m P i < c. 
I ' JQt 

Proof. From (|4.24j) . we have 

/ * m plt < I x m p 2 xx u 2 + / x m plul + / x m p 2 u 2 xx + I x m p 2 x u 2 + I x m p 2 u 2 x + I x m p 2 u 2 
JI Jl Jl Jl Jl Jl Jl 

<NI!~ fx m p 2 xx + \\pAl~ \f < + Uplli. fx m u 2 xx + \\u\\ 2 LOO fx m p 2 x (4.74) 

+ llPlli- f^ul + fx m P u 2 < c, 

where we have used Lemmas 14.21 14.141 Corollary I4,21[ and f|4. 73f> . 
By Sobolev inequality, Lemmas l4T2l 14. 14j f|4.73j) . f|4.74j) . we have 

\\p\\w^{Q T ) + WpA\l°°{q t ) < C. (4.75) 
Differentiating f|2.1.1[) i with respect to t, we have 

/ , , , x ™(put + Ptu) 

Ptt = ~{Pxtu + p x u t + p t u x + pu xt ) . (4.76) 

x 

This deduces 

/ x m p 2 u < / * m pW + / x m p 2 x u 2 + [ x™p\u\ + [ zV<4 + / x m (p 2 u 2 + p 2 u 2 ) 

J I J I J I J I J I J I 

<\Hl- [ x m f^ + \\ut\\ 2 LO o [ x m p 2 x + \\u x \\ 2 Laa [ x m p 2 t + \\pf Loa [ x m u 2 xt 



J I 

+ \\P\\l* I x m pu 2 + \\u\\ 2 Loo j x m p 2 

,2 



< [ x">^ + ^) + i, 



where we have used (|4.74|) . Lemmas [4T2l 14.141 I4TL91 and Corollary [4.211 
This combining Lemma |4. 191 gives 



/ x m p 2 tt <C. 
JQt 



Step 5: H 2 estimates of 9 

Lemma 4.24 Under the conditions of Theorem \2.1.1\ we have for any t € [0,T] 



□ 



f x m P 6 2 + [ x m \( K 9 x ) t \ 2 < c. 

Jl JQt 



'Qt 

Proof. Differentiating (|4.2p with respect to t, we have 

pQ'Ou + P Q"9 2 + ptQ'6 t + (puQ'9 x ) t + ( P 6Q'(u x + —)) = {^ x ) xt + + p t .(4.77) 

V x 1 1 x 
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Multiplying (HTTP by x m ( 

(i- e -) x" n n{0)9t), and integrating by parts over /, we 



have 



1 d 
2dt 



|2 
}t\ 



jx m P Q'K6 2 t +jx m \(K9 x ) 
\ J x m Pt Q'K9 2 t - \ J x m pQ"e*K + i jT x ™ p Q' K '9l - J x m (puQ'9 x ) tK 9, 
jx m (p9Q'{u x + ^)) t «0t + jx m p t K9, 



t 

(4.78) 



i=i 



'/■;t| 2 - 



For Villi, using (|2.1.ip i. integration by parts, (At), (A 5 ), Lemma |4T2| Corollaries I4.12U4.201 
Cauchy inequality and Poincare inequality, we have 

Vllh = X - J{x m pu) x Q'K9 2 

= ~\J x rn puQ"K9 x 9 2 - X - J x m puQ' K '9 x 9 2 - J x m puQ' K 9 t 9 xt 

<\\0x\\l°° jx m P 9 2 - jx m puQ'9 t {K9 x ) t + jx m puQ'n'9 2 9 x (4.79) 

<C\\9 X \\ L °° J x m P 9 2 + 1 J x m \(K9 x ) t \ 2 + C J x m P 9 2 

<C(1 + \\9 XX \\ L 2) jx m P 9 2 + ±J x ™\( K 9 a 

For Villi, i =2, 3, we have 

viii 2 + viih <\\K0th°° Jx* 

<{\\^0 t ) x \\ L 2 + fx m p K \9 t \) fx m P 9 2 (4.80) 

<^jx m \{K9 x ) t \ 2 +(^jx m p9 2S j+C, 

where we have used (A4), (-A5), Lemmas 13.11 14.11 Corollary 14.201 and Cauchy inequality. 
For Villi, we have 

Vllh = - j x m p t uQ'9 x K9 t - j x m pu t Q'9 x K9 t - J x m puQ"9 x K9 2 - J x m puQ'9 xt K9 t 

4 ' (4.81) 

3=1 

For VJ/J41, using (|2.1.ip i . (A4), (-A5), integration by parts, Cauchy inequality, Lemmas 14.21 



.."4 „^2 
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KM and Corollaries KM KM we have 

VIIh A = J{x m pu) x uQ'e x K6 t 

= - j^x m puu x Q'e x K6 t - jx m pu 2 Q"9 2 x K9 t - ^x m pu 2 Q'8 xx Kd t - ^x m pu 2 Q'9 x ( K 9 t ) x 
<C J x m P 9 2 + C J x m 9 x + C J x m 9 2 xx + 1 J x m \{K9 x ) t \ 2 + C (4.82) 

<c fx m P e 2 + c\\e x f Laa J x m e 2 x + c fx m e 2 xx + ±^fx™\( K e x ) t \ 2 + c 
<c ( jf x™ P efj 2 + c jf + _L jT a m| | 2 + a 

For V 111^2 and Villus, we have 

y/// 4 ,2 + <\\0Al°° fx m pul + fx m p9 2 t + ||u|U»||0 x || LO o y 



<||^|li 2 + 11^11^2 + (1 + ||^|| i2 + \\9 XX \\ L ,) J x m P 8 2 (4.83) 



where we have used (^U), (-A5), Lemma 14.191 Corollaries 14.121 14.201 and Sobolev inequality. 

For VIII^^, using (A4), (-A5), Lemma f4.19t Corollaries 14 . 1 2 1 T4 . 20 1 and Sobolev inequality 
again, along with Lemma 14.21 we have 

VIIh,4 = - J x m puQ'{Ke x ) t 6 t + J x m puQ'K'9 x 9 2 

-2^/ Xm|( ^ )t|2 + ° W L °°\\ u \&° a + NMI^M f^pOl (4.84) 

/ ^l^)*! 2 + C / ^ + C (/ X ™^ 2 ) 2 + a 
Putting (Q21) . (ITO]) and (IOTD into (OB . we have 

Vllh < jx m \{K6 x ) t \ 2 + C (jx m P e 2 X + C J x m 9 2 xx + C. (4.85) 
For VIII5, we have 

' ""' ' '""32 



X 



f mil f 

Vllh = - / x m p t 6Q'{u x + )K0 t - / x m P Q'(u x + 

Ji x Jj 

- J x m P 9Q"(u x + ™)k9* - J x m P 9Q\u xt + ^)^t (4 g6) 



4 

Y, Vllh -r 
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For VIII51, we have 

ym 5 ,i = / (x m P u) x 9Q'(u x + — )K0 t 

Ji x 
= - [ x m puO x Q'{u x + —)K0 t - ! x m puee x Q"{u x + —)K$ t 

Ji X Jj " X 

~ I x m pu9Q'(u xx + ™) K9t - [ x m pu6Q'(u x + —)(K9 t ) x (4.87) 

Ji x x z J 1 x 

<C fx m P 6 2 + C\\uf w ^ fx m 9 2 x + C fx m (u 2 xx + u 2 x + J + 1 jf : 



<^fx m \{K0 x ) t \ 2 + C Jx m pd 2 + C, 



where we have used (|2.1.ip i . integration by parts, Cauchy inequality, (A4), (-A5), Lemmas 
IQl KM and Corollaries 137201 H72T1 
For VIII52 and VI 11$^, we have 

FJJ/5,2 + F/JJ 5j3 <C J x m P 9 2 . (4.88) 

For VIIIs^, we have 

<C / x m P 9 2 + C f x m (u 2 xt + 4)- (4-89) 
J 1 J 1 x 

Putting (glHZD, (I4T881) and (ETMI) into (Q6|) . we have 

ra/ 5 < ^Jx m \{^ x ) t \ 2 + C Jx m P 9 2 + C Jx m {u 2 xt + ^) + C. (4.90) 
For ra/ 6 , recalling p = X(u x + ^) 2 + ft (w 2 x + 2u 2 x + (v x - ^f) 2 + ^) , we have 
VIII 6 <\\K9 t \\ L ~ [ x m \ Pt \ 



1 



< 



t\\L°° 



-ToJi xmi(K9x)tl2 + C ji xmp9 < +C ji + C S Xm i + C S 



(4.91) 



r / x m (v 2 xt + ^) 



where we have used Lemma 13. II and Cauchy inequality. 

Putting K79\i . HOT]) . l|3~g5|L (001) and flOD into (1377511 . we have 



^Jtf n pQ , K0l+Jx m \(K9 a 

<c(J x m P efj 2 + c f i x m e 2 xx + c jf x m (^ t + i + + ^ + i) + a 



(4.92) 

By Gronwall inequality, we complete the proof of Lemma 14.241 □ 
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Corollary 4.25 Under the conditions of Theorem 1 2.1. 11 we have 

cT 



7 t\\L 



2 < C. 







Proof. By Lemma 13, II and (A5), we get 



[ Pt\\l°o < [ \\K0 t \ 
JO JO 



< 



T / r \ 2 

p K \e t \) + I \(K9 t ) x \ 



\JI 
T 



I lpe 2 t +f \(K9 x ) t \ 2 <c. 

Jo Ji Jq t 



Corollary 4.26 Under the conditions of Theorem \2.1.1\ we have 

x m e 2 xt < c. 



Proof. Since 
we obtain 



K0 x t = (K0 x ) t - K'6 t x , 

[ * m elt < [ 

JQt Jq 



„m.,2n2 
y xt 



X K 

T J VT 

2 , / „mr „/\2/j2/i2 



< 



x m \{Ke x ) t \ z + / x m ( K yet< 

• T JQt 
T 



<1+ f sup8 2 [ x m 9l<C, 

Jo x&I Ji 

where we have used (A§), Lemmas 14.191 |4T24"| and Corollaries 14.201 [4.251 
Corollary 4.27 Under the conditions of Theorem 1 2. 1.1\ we have for any t G [0, T] 

II^IIw^cqt) + / xm ®lx + I X ™9 XXX < c. 

J 1 Jq t 
Proof. By (|4.59|) and Lemma H2H we get 



l 



X ^ xx — ^ ' 



This, along with Lemma 14.191 Corollary 14.201 and Sobolev inequality, gives 

PWw 1 * °°(Q T ) - 



Differentiating (|4.2p w.r.t. x, we have 

kOxxx = -( -)x - 3 K 'e x 9 xx - k"6 3 x - p x + pQ'6 xt + Px Q'0t + pQ"e x 9 t 



X 



+ (puQ'e x ) x + {p9Q / (n x + —) 

X J x 
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This deduces 



(4.94) 



< / X"*<& + Slip + 

Integrating (|4.94[) over (0, T), and using Corollary 14.251 and Corollary 14.261 we get 

X ® xxx < ~~*~ ^-^ ' 

□ 

Constructing a sequence of approximate initial data and passing to the limits: 

Denote p$ = po + e and 9q = 9q + e. Uq is the solution to the following elliptic problem: 

|0(«8» + ^ - 1£) - p*M) = Vp 9u * e i, (4 Q5) 

Since p £ Q = po + e G -ff 2 , = 6q + e G -ff 2 and g\ G L 2 , we obtain by using the standard 
elliptic estimates 

/« 6fl,nfl S. (4.%) 
|J|u§ - uo||h2 < Ce. 

Consider f|2. 1. 1 [) - (|2. 1 .3j) with initial data replaced by (pg, Uq, v$, wq, 9q), we get a global 
solution (p £ , u £ , v e , w £ , s ) to (|2.1.ip - (|2.1.3p for each e > 0. These a priori estimates in the 
section are valid for u £ , v £ , w £ , 9 £ ). Then taking the limits e — > + (taking subsequence 
if necessary), and using Lemma [331 we get a solution denoted by (p, u, v, w, 9) to (|2.1.ip - 
(|2.1.3p with regularities as in Theorem 12.1.11 The uniqueness of the solutions can be done 
by the standard methods, see for instance [I] and references therein. We end the proof of 
Theorem 12.1.11 □ 

Remark 4.28 The global existence of (p £ , u £ , v £ , w £ , 9 s ) can be done by local existence 
(using the similar arguments as in W)+ some a priori estimates globally in time throughout 
the section. 



5 Proof of Theorem 12.1.61 

In the section, we denote by C a generic constant depending only on \\(pq,uq,vo,wo,0q)\\h 3 ) 
llffilli 2 ! IK\/Po5i)a;IU 2 (* = 1)2,3,4), T, A, p, a, b, and some other known constants, but 
independent of the solutions and the lower bounds of the density. 

Under the conditions of Theorem 12.1.61 all those a priori estimates in section 3 are also 
satisfied in this section. Following the quite similar strategies with the proof of Theorem l2.1.11 
to prove Theorem 12.1.61 it suffices to get i7 3 -a-phoh-estimates of the classical solutions (p, 

u, v, w, 9) as in Theorem 12.1.61 with inf p > 0. 

(x,t)eQ T 

To begin with, we get a W 1,00 ((3T)-estimate of y/p which was obtained in [HI [7] as a 
crucial estimate to get iif 4 -estimate of u. 

Lemma 5.1 Under the conditions of Theorem \2.1.6\ we have 

\\(Vp)x\\l°°(q t ) + \\(.y/p)t\\L°°(Q T ) < C. 
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Proof. Multiplying (|2.1.ip i by we have 



7TIX ^ I 
W?)t + -^—VPU + - yff>U x + (y/p) x U = 0. 



Differentiating (15.ip with respect to x, we get 



mx 



mx 



m /~pu 3 1 

Wp)xt + + + -(y/p) x 1tx + ~y/pu xx + 

Denote /i = {y/~p) x -> we have 

, , ,ira 4 M 3u x . mx' 1 m^/pu 1 

ft 4 + h x U + ft( h — ) H ^3— + -y/pUxx = 0, 



which implies 



-^exp 



* TTIX^U 3^ ' 



+ 



2 2x 2 ' 2 

'"' / mx~ 1 u 3u 



x cxp 







2 + -y ) (x(r,y),r)dT 



where x(t,y) satisfies 



^=u(x(t,y),t), 0<t<s, 
\x(s,y) = y. 

Integrating (|5,2p over (0, s), we get 



h(y, s) = exp 



+-2 £ )(x(r,y) ) r)dr)/i(x(0,y),0) 



mx 1 ^/p'u. x m^fpu yfpUxx , 



2x 2 



xexp(j t (^qhi + ^)(x(T,y),T)dT 



dt. 



This implies 



From (|5.1|) and (|5.3|) . we get 



11(^1 



L°°(Q T ) 



< c. 



II (Vp) 



*IIl°°(q t ) 



< c. 



The proof of Lemma 15.11 is complete. 

Lemma 5.2 Under the conditions of Theorem \2.1.6\ we have for any t £ [0, T] 



xVlK) t | 2 + / xV^ < c. 

Qt 
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Proof. Multiplying (|4TTTD by x m p a {K6 t )t (i.e. x m p a K9 tt + x m p a n'6%, where a > is to be 
decided later), and integrating by parts over /, we have 

Jx m p a+1 KQ'6l + \j t jv m P a IWtl 2 

=?Ljx m p a -*fH \^e x ) t \ 2 -a fx m p a - l Px K9 tt {Ke x ) t -aJx m P a - l p x K'e 2 t {Ke x ) t 
+ fx m p a Pt (K9 tt + k'^ 2 ) - fx m P a+1 Q'K'e 2 e a - fx m P a [ P Q"e 2 + Pt Q'0 t ] (kQ u + ^ 2 ) (5 ' 4) 

- jx m p a {puQ'9 x ) t (kOu + K '0 2 ) - jf (>Q'K + ™)) t (k9 u + k'0 2 ) = £ VW*. 

For VIV2, using (A4), (^.5), Corollary 14.201 and Cauchy inequality, we have 
VIV 2 <±j^p^ K Q'6 2 t + C fx m p a -*p 2 x \(Kd x ) t \ 2 

<^ j^p^KQ'el + ciip^plu^ j^x m \(Ke x ) t \ 

For VIVi and V/V3, we have 

VIVx + VIV 3 <C\\ P a - l Pt \\ L ~ jx m \{K9 x ) t \ 2 + C\\9 t f LOO jx m p a \{K0. 
+ C\\6 t \\ 2 Loa jx m p«- 2 p 2 x . 

For VIV4, we have 



(5.5) 



r ;t 1 2 



(5.6) 



(5.7) 



Vm <^jx m p a+1 KQ'e 2 tt + CII^Uxcc jx m p 2 + C J x m p a+1 0t 

<^jx m p a+1 KQ'9 2 tt + CWp^Wlo* jx m (ul t + f 2 +w 2 xt + v 2 xt + v l) + C\\9 t \\ 2 LOO ] 

where we have used Cauchy inequality, Corollaries 14.161 14.18| 14.211 and Lemmas 14.21 14.241 

For VIV5 and VIVq, using (A4), (A5), Cauchy inequality, Corollary 14.201 an d Lemmas 
IO KM we have 

VIV 5 + VIV 6 = - J x m p a+1 Q'K'0 2 e tt - J x m p a [ P Q"9 2 + ptQ'Ot] K0 tt 

-J x m p a [pQ"6 2 + ptQ'Ot] k'O 2 

if r r (5-8) 

<— / x m p a+ \Q'9 2 t + C / x m p a+1 9f + C / x m p a - l p 2 6 2 
10 J 1 J 1 J 1 

<^Jx m P a+l KQ'e 2 tt + c\\6t\\ 2 LOO (i + J^x m p a - 1 p 2 ) + a 

For VIVj, using (A4), (A5), Cauchy inequality, and Lemmas 14.21 14.241 again, along with 
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Corollaries 14.121 14.271 and Lemma 14.191 we have 

viv 7 = - jx m p a Pt uQ'6 x (K0 tt + K 'ef) - Jx m P a+l utQ'e x ( K e tt + K 'e?) 
- jx m P a+1 uQ"e t e x [kOu + ^el) - jx m P a+1 uQ'e xt (k9 u + k'9 2 ) 

<i J x m p a+1 KQ'el + C J x m p a - 1 p 2 t +C jx m p a+l ej + C jx m p a+l u 2 t (5.9) 

+ c J x m p a+1 e 2 + c J x m P a+1 e 2 xt 

<^fx m p a+l KQ'e 2 tt + c J x m P a - 1 P 2 t + C\\9 t \\ 2 Lao +C fx m 9 2 xt + a 
Similarly, for VIV%, we have 

VIVs = - [ x m p a Pt 8Q'(u x + —) {k6 u + K '9 2 ) - [ x m p a+1 9 t Q> \u x + — ) {kB u + n'9 2 ) 

J I X J j X 

_ I x m p a+l dQ , %(Ux + ™) ( Kdft + Jty _ j x m p a+l eQ > {Uxt + ^ + ^2) 

JI x J i X 

<^Jx m p a+1 KQ% + C^x m P a - 1 p 2 + C Jx m p a+1 0f (5.10) 
+ C j x m p a+1 9 2 + C J x m p a+1 {u 2 xt + ^|) 

<^jx m p a+1 KQ'e 2 t + c Jx m P a ~ l P 2 + calico + c fx m {u 2 xt + + c. 

Putting d53]), ^Mi, ([57T) . (15T81) . (1531) and (15TT01) into {520), we have 
jx™p^ K Q'6 2 tt + j t jx m p a \{Ke x 



'r)t\ 2 



„mn2 
~xt 



(5.11) 



+ C(l + Jx m p a - 1 p 2 t + Jx m p a - 2 pl)\\9 t f LOO +C Jx m p a - l p 2 + C Jx r 
+ C\\p a - l \\ L ~ f x m (u 2 xt + % + w 2 x t + vl \ t +%) + C ! x m {u 2 xt + -§) + C. 

Claim: 

f x m p a \(Ke x ) t \ 2 + [ x m p a+1 KQ'6 2 tt < C, (5.12) 
JI JQ T 

if 

l|p a - 3 p'lk~ + II^-VIU- + IIp^IIl- < c. (5.13) 

In fact, if {SUSP is satisfied, (15TT21 will be obtained by using (|5TTT]) . Corollaries 223 S23 
Lemmas I4TT51 14TT7] [4TT91 HT241 (|2.1.4j) and Gronwall inequality. 

To ensure that f)5. 13|) is valid, the restriction a > 3 seems necessary. While, to get L^°H X - 
estimate of 9 (Corollary 15 . 3[> . by (j4.2p . a in (|5.12p should satisfy a < 2 . Assume a £ [1,2], 
to get (15.13D . it suffices to prove 

\\p a - 3 plh™ < C. 
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In fact, 

„a-3 2 II a 1 1 n-2\ 



\\p a - a P z x \\L~=M\p a - z \(VpU z \\ Lac - 

Assume a = 2, and use Lemma 15.11 (|5.13p is to be obtained. This means that (|5.12p is 
obtained for a = 2. The proof of Lemma 15.21 is complete. □ 

Corollary 5.3 Under the conditions of Theorem 1 2. 1.61 we have for any t £ [0, T] 

jx m (9 2 xxx + P 2 9 2 xt )<C. 

Proof. A direct calculation gives 

pnO xt = p{nB x ) t - pK'6 t 6 x , 

which implies 

fx m p 2 6 2 xt <C fx m p 2 \(K6 x ) t \ 2 + Collie fx m p6 2 

<c, 



(5.14) 



where we have used Lemma 14.21 Lemma 14.241 Lemma 15.21 and Corollary 14.271 

Prom the first inequality of (|4.94p . using Lemma |4,24| (|5.14j) and Lemma 15-H we obtain 

* m ol xx <c [ x m P 2 e 2 xt + c f x m P 2 x e 2 + c 



<C fx m p 2 e 2 xt + C Jx m p\(^p) x \ 2 9 2 + c<c. 



□ 

Lemma 5.4 Under the conditions of Theorem 1 2. 1.6[ we have for any t 6 [0, T\ 

x m p 2 u 2 xt + I x m p\ 2 tt <C. 



Proof. Similar to Lemma [5 .21 multiplying (|4.42p by x m p 2 uu, and integrating by parts over 
/, we have 



x m P 2 u 2 xt 



I in 1 f m f m 2 / Pt v 2pW t 

=p x pptu xt -2(5 x pp x u xt u u - fx p u tt (p t ut + p t uu x + pu t u x + puu xt ) 

J I Jl XX 

1 /^A^" [x m p 2 u tt P x t 



i=l 

For VV\ and VV2, using Corollary 14.231 Lemma [57TI and Cauchy inequality, we have 
VVi + VV 2 <\\p\\ L Apt\\L^ jx m u 2 xt - 4/3 j^x m pi{yfp) x u xt u t t 



<C I x m u 2 xt + I I x m p 3 u 2 



(5.16) 
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For VV3, we have 

W*<\j * m Al + C J x m pp 2 u 2 + C J x m pp 2 u 2 u 2 x + cj x m p\ 2 u 2 x 

+ C [x m p 3 u 2 u 2 xt + C [x^^tl + C lx mP ^$- 
Ji Ji x z Ji X 1 

<\ I xV«l + C||^[|i» I x m pu 2 + C\\p\\ L ^\\p t \\ 2 LX \\u\\ 2 Loa I x m u 2 x 



ji r (5 - 17) 

+ CKIIi- jf + CMU \\uf Lao J x m u 2 xt 

+ C\\pt\\l- \Hloo J x m pv 2 + C\\vf LOO Upllioc jf 

< l -fx™p*u 2 t + C fx m u 2 xt + C, 

where we have used Cauchy inequality, Corollaries 14.81 14.211 14.231 and Lemmas I4.15| 14.191 
For VVi, using Cauchy inequality and Lemma 14.191 we have 

VV ^<\J i + C j x m pu 2 < lj x m p\ 2 t + C. (5.18) 

For VV5, recalling P = pQ + P c , we have 

vv $ = - 1 x m P 2 u tt (p xt Q + p x Q'e t + Pt Q'o x + pQ"e t e x + P Q'e xt + p' cPxt + p^ PxPt ) 

<l [ x m p i u 2 t + C I x m pp 2 xt Q 2 + I x m pp 2 x {Q') 2 e 2 + I x m pp 2 {Q') 2 dl 

(5 19) 

+ fx m p\Q") 2 e 2 e 2 x + fx m P \Q') 2 e 2 xt + j x m P {p>) 2 P 2 xt + fx m P {P H e fM 



<\jx™p*ul t + C, 



where we have used Cauchy inequality, (A3), (A4), Corollaries I4.23[ I4.27( 15.31 and Lemma 

Putting (157T6]) . (I57T71) . (f5TT8D and (|5"7lH into (ISTTBT) . we have 

f x m p 3 u 2 tt + x m p 2 u 2 xt <C J i x m u 2 xt + C. (5.20) 

By (|5.20p , Lemma 14.191 and Gronwall inequality, we complete the proof of Lemma 15.41 □ 
Corollary 5.5 Under the conditions of Theorem 1 2. 1.6\ we have for any t £ [0, T] 

x u xxx — 

Proof. By (fOTD . {37701) . Lemmas 137191 137221 [57T1 15731 Corollaries 137271 we get 

x m «L <C J x m p 2 x u\ + C x m p 2 u 2 xt + C x m P 2 x + C 



<C f^ m p\{^p) x \ 2 u 2 + C <C. 



(5.21) 



□ 
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Lemma 5.6 Under the conditions of Theorem 1 2. 1.6\ we have for any t E [0, T] 

x m P 2 (v 2 xt + <) + / *V(4 + «&) < c. 



xt ^ w xt 
I JQt 



Proof. Multiplying (|4.36p by x m p 2 va, integrating by parts over /, we have 



--[i j x m pp t v 2 xt - 2p J x m pp x v xt vu - J x m p 2 v u {ptvt + Ptuv x + pu t v x + puvxt) 

m 2 / -1 -1 -In f m 2 mV t (5.22) 

x p vu{x ptuv + x pu t v + x puv t ) - p I x p Vtt—jT 



9 



5 



1=1 

For VVI\ and VVI2, using Cauchy inequality, Corollary 14.231 and Lemma 15. 11 we have 



WI 1 + Wl2<\\p\\L°°\\fH\\L°° jx m vi t -±p jx m p*(Jp) x V xt V tt 

<\Jx m p\ 2 tt + C Jx m v 2 xt . 



(5.23) 



For VVI3, using Cauchy inequality, Corollary \^23\ again, together with Corollaries 14. 121 f4. 161 
and Lemmas 14.151 14.191 we have 

Wh <\Jx m p\ 2 u + C\\ptt Loo jx m pv 2 + C\\p\\ L - Hftllloo \\uf L ^jx m vl 

+ Cll^llioo^llico fx m pu 2 + C\\pf Lao \\u\\ 2 Lao fx m v 2 xt (5.24) 

<±Jx m p 3 vl + C Jx^ + C. 
Similarly, for VVI4 and VVI5, we have 

Wh <\J x m p 3 v 2 t + C\\p\\ L - \\u\llo. ||«[|i„ |z"V! + CIIpIII^IIHU^^x^ 2 

+ C|| /0 ||l O o||n||l O o^x m ^ 2 (5.25) 

Wh <\j x m p 3 v 2 t + C J x m pv 2 < l -f^ x m p 3 v 2 t + C. (5.26) 

Putting (pT2"5|) . d52U), ([05D and (|5T2l)]) into (pT2"2|) . and using Lemma EES Gronwall in- 
equality, we have 

[x m p 2 v 2 xt +[ x m p\ 2 t <C (5.27) 

J I JQt 

Similarly, we get 



[x m p 2 w 2 xt +[ x m p 3 w 2 t <C. 
J I JQt 



Ql 

□ 
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Corollary 5.7 Under the conditions of Theorem 1 2.1. (A we have for any t 6 [0, T] 

I T m (i? -\-m 2 \ 4- / I'd 2 _i_ 7,,2 \ < n 

I V^xxx ^ w xxxJ ' I \ u xxxx ' ^xxxxl — w " 
J I JQ T 

Proof. Similar to Corollary 15.51 we get 

x m {vl xx + wl xx )<C. 
By ([OS]), Corollaries E2 I4TT51 H23 and Lemmas EEl E3 E3 we have 



/ 



This together with (|2.1.1|h gives 
Similarly, we can get 



J 

JQ- 



pvLt < C. 



„2 < f< 

U XXXX — 



2 / ' 

^xxxx — 



□ 



3mpu a 



Lemma 5.8 Under the conditions of Theorem 1 2. 1.6\ we have for any t £ [0,T] 

/ T m n 2 -I- / -r m (n 2 -4- ft 2 \ < C 
I rxxx 'I ^ V^xxxx ' u xxxx) — w ' 

J I Jq t 

Proof. Differentiating (|4.60[) with respect to x, multiplying it by x m p xxx , and integrating 
by parts over /, we have 

6mpu x _ 1 3mp xx u 6mp x u x 6mp x u 6m pu 

o mx PxxxU H 5 I k 5 I j ^PxxxUx vp xx ll xx 

^Px^xxx ~i~ 77 / X Pxxx^x ~i~ 77 / Pxxx^ 1 / ^ PPxxx^xxxx- 

J ^ J I * J I J I 

By Sobolev inequality, Cauchy inequality, Corollaries 14.211 14.231 15.51 and Lemma 14.221 we 
get 

— f x m p xxx < C f x m p xxx + C [ x m u xxxx + C. (5.28) 



ld_ 
~2dt 



dt 



i Ji Ji 



Differentiating ()4.66p with respect to x, we have 

2 ,^PW X p x V 2 pV 2 

PUxxxx =PxxUt + tyxUxt + PUxxt + [PxUU x + pu x + pUU xx ) x - ( 1 ^-) x 

X X X z 

m fi u xxx 3mf3u xx 6mf3u x Qm(3u 

+ 1 XXX + + 

Using Lemma Corollaries UTTGl ICTl HT231 1^271 Ol 1531 and (A 3 ), (A 4 ), we obtain 

/ x m u xxxx <C / x m \P xxx \ 2 + C I x m (pu xxt + u xt ) + C 
Jl Jl Jl (5.30) 

<C J x m p xxx + C J x m (pu xxt + u xt ) + C. 
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Substituting (|5.30p into (|5.28p , and using (|4.42|) , Lemmas 14.191 15.41 Gronwall inequality, we 
obtain 



x m p 2 xxx < C. (5.31) 

Jl 

By dOH]) and ([OI]) . we have 

x m u 2 xxxx <C. 

It 

Differentiating (|4.93|) with respect to x, and using (A 4 ), (A 5 ), Corollaries 14.161 14.181 14.211 
13231 S23 KM WM E3 and Lemmas WM B we have 

x m 9 2 < C. 

T 

The proof of Lemma 15.81 is complete. □ 

6 Proof of Theorem [2T2T21 

Let < T* < oo be the maximum time of existence of strong solution (p, u, 9) to (|2.2.1I) - 
(12X31) . Namely (p,u,6) is a strong solution to (ETB - dZTSlI in M 3 x [0,T] for any < 
T < T*, but not a strong solution in IR 3 x [0, T*]. We shall prove Theorem 12.2.21 by using a 
contradiction argument. Suppose that ()2.2.5|) were false, i.e. 

M:=lim sup(||p(t)|| L oo + ( ||p0(s)|| 4 12 ds) < oo. (6.1) 

The goal is to show that under the assumption (|6.ip . there is a bound C > depending only 
on M, po,uo, 6o, p, A, k, and T* such that 

sup \\0(t)\\ L °° < C. (6.2) 

0<t<T* 

With ()6.2p and ()6.ip . we showed in our previous paper [43J that T* is not the maximum time, 
which is the desired contradiction. 

Throughout the rest of the section, we denote by C a generic constant depending only on 
po, iio, #0; T* , M, A, p, k. We denote by 

A<B 

if there exists a generic constant C such that A <CB. 

Lemma 6.1 Under the conditions of Theorem 1 2. 2. 2\ and \6.1\) , it holds that 



sup / p < C, for any T G [0,T*) 

0<i<T Jr3 



(6.3) 



Proof. Integrating (|2.2.ip i over M 3 x [0, t], for t <T*, and using the assumption po £ L 1 , 
we get (|631). □ 



Lemma 6.2 Under the conditions of Theorem \2.2.2\ and \6. if ' 2>p > X, it holds that 

sup / p\u\ 4 +[ [ \u\ 2 \Vu\ 2 dx < C, (6.4) 

<t<T JR3 Jq J R 3 



0<t<T 

for any T G (0,T*). 
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Proof. The detailed proof of Lemma 16.21 could be found in [33], which might be slightly 
modified. □ 

Lemma 6.3 Under the conditions of Theorem \2.2.2\ and A6.1\) , it holds that for any T € 
[0,T*) 



sup f (p\9\ 2 + \Vu\ 2 )dx+ [ [ (\V9\ 2 + p\u t \ 2 )dxdt <C. (6.5) 

Kt<T JR3 Jq J R3 



I (p\9\ 2 + \Vu\ 2 )dx + f 

0<t<T , 

Proof. Multiplying ([2.2.10 9 by ut, and integrating by parts over M 3 , we have 



/ P\ Ut \ 2 + \v + l (^|Vu| 2 + (/i + A)|divu| 2 ) 

Jrs 2 at j R3 

= 4/ Pdivu- . 1 - 4 ! P 2 ^— r / PtG- I pu-Vu-Ut 

dtJ R3 2{2p + X)dtJ R3 2/i + Xj R3 J R3 H (6-6) 



i=l 

where G = (2/x + A)divu — P. 

Recalling P = p6, we obtain from ([2"XT]) i and pXTjl a 

P t = -div(Pu) - /ofldivu + /i (Vu + (Vu)') : Vu + Adivudivu + A9. (6.7) 

Substituting ([6.70 into VV//3, and using integration by parts and Holder inequality, we have 

VVIh = — ! Pu-VG+ — ^— f P 9divuG 

2u + A J R3 2/i + A J r3 



/ (Vu + (Vu)') : (VG ®m) + — ^— / divuu • VG 
Jm.3 2p + A y R3 



2u + A 

+ / (uAu + (ji + A)Vdivu) • uG + — ^— / V0 • VG (6.8) 

2u + A J R 3 2/i + A J R3 

<G||^|| i2 ||VG|| L2 + -^- / ^divnG + G||VG|| L2 ||n|Vn||| L2 

+ G||VG|| i2 1| V0|| L2 + - — - — r / (uAu + Gu + A)Vdivu) • uG. 

2/' • A ./„.> 

Substituting (12.2, ljb into ([6.80 . and using Sobolev inequality, (|6.ip and integration by parts, 
we have 

W//3<G||VG|| i2 (||pne|| i2 + ||n|V U ||| L2 + ||V0|| L2 ) + -^— / pu t ■ uG 
V / 2p + XJ R3 

+ — - / pu-Vu-uG ^— f Pu-VG 

2p + X J R3 2p + A J M 3 



(6.9) 



<G||VG|| L2 (||p^|| L2 + ||u|Vu||| L2 + \\Ve\\ L 2^j +lj^ p \ut\ 

+ C [ p|n| 2 |G| 2 + G||u|Vu||| 2 - 2 

<G||VG|| L2 (\\pu9\\ L2 + ||u|Vu| || L2 + ||V0|| L2 ) + \ f p\u t \ 
v / o J R3 

+ C I |u| 2 |Vu| 2 + G f p\u\ 2 \ P 9\ 2 . 

JR3 J r3 
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Taking div on both side of (|2.2.ip 9. we get 

AG = div(pu t + pu-Vu). (6.10) 
By (16.10P and the standard L 2 -estimates together with (16. ip . we get 

l|VG|| L 2 < ||p%IU 2 + \\P U • Vn|| i2 < \\y/pu t \\ L 2 + |||u||Vn||| i2 . (6.11) 
Substituting ()6.11|) into (|6.9p . and using Cauchy inequality, we have 

VVIh <C\\pu0f L2 + C\\u\Vu\\\ 2 j2 + C\\Ve\\\ 2 + - / p\u t \ 2 . (6.12) 

For the first term of the right hand side of (|6.12p . using Holder inequality, Sobolev inequality 
and Cauchy inequality, we have 

\\ P u9\\ 2 L2 <\\\u\ 2 \\ Le \\ P 9\\ 2 ^ < C\\u\Vu\\\j\p6\\ 2 ^ 

9 L „ L (6.13) 

<C\\u\Vu\\\ 2 L2 + C\\ P e\\\^. 

Substituting (|6.13p into (|6.12p . we have 

VVIh<C\\p9\\% +C\\u\Vu\f L2 + C\\Vef L * + \ I p\u t \ 2 . (6.14) 
For VVII^, using Cauchy inequality and (|6.ip . we have 

•1 ' ■ |2 , ^ / I„.l2iv-?..i2 



VVIh<- p\u t \ 2 + C \u\ 2 \Vu\ 2 . (6.15) 
Putting ()6.14p and (|6.15p into (j6.6j) . and integrating it over [0, t], for t < T*, we have 

/ / pM 2 + / (/u|Vn| 2 + (^ + A)|divu| 2 ) 
Jo Jr 3 Jr 3 

<2 [ Pdivu + c [ \\vef L2 + c 

Jr 3 Jo 

<(p + X) [ \dwu\ 2 + C(f P 6 2 + I I |W| 2 )+C, 
Jr 3 Jr 3 Jo Jr 3 

where we have used Cauchy inequality, (|6.ip and (|6.4|) . Therefore, 

pWt\ 2 +[ \Vu\ 2 <C([ p6 2 +[ [ \V9\ 2 )+C. (6.16) 



Multiplying (|2.2.ip ^ by 6 and integrating by parts over M 3 , we have 

Jr 3 2 at J R 3 

= - [ p9 2 divu + [ ^\Vu+ (Vu)'\ 2 9 + [ \\divu\' 
Jr 3 Jr 3 2 Jr 3 



(6.17) 



--^Tvviiii, 



i=i 
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For Willi and Wllh, we have 

VVIII 2 + VVIII 3 = [ n (Vn + (Vn)') : Vud + f A|divn| 2 # 
Jr 3 Jr 3 

= - /j,(Au + Vdivn) ■ u6 - n (Vu + (Vn)') : (V0 ® n) 

— I An • Vdivn# — / Adivnn ■ V# 
Jr 3 Jr 3 

= - (pu t + pn • Vn + VP) -u9- n (Vn + (Vn)') : (V6> <8) n) 

JR3 JR 3 

— / Adivnn • V# 
Jr 3 

= - put-uO - l p(u- V)n -u9+ p9 2 divu + / p6u ■ V6> 
Jr 3 Jr 3 Jr 3 Jr 3 



/ n (Vn + (Vn)') :(Vfl®«)- / Adivnn • V6>, 



(6.18) 



where we have used integration by parts and (|2.2.1[) ?. 

Using Holder inequality, Cauchy inequality, (|6.ip and (16.41) . we have 



(6.19) 



VVIIh + VVIIh 

<\\Vput\\L4\fpu\\ L 4yp6\\ L 4 + \\u\Vu\\\ 2 \\pu\\ L3 \\d\\ L(i + / P 6 2 divu 

Jr 3 

+ \\ve\\ L 2\\^pu\\ L 4^e\\ L 4 + c\\u\vu\\\ L2 \\ve\\ L 2 

<C\\Vput\\v>\WpO\\L* + l\\W\\h + c \\ u \Vu\\\ 2 L2 + f p9 2 divu + C\\y/pe\\ 2 L t. 

1 Jr 3 

Substituting (16.19P into (|6.17p . we have 

/ \ V °\ 2 + T + I Pl^| 2 <C||^llL 2 |l^ll^ + ^lhlVn|||^ 2 +C||^|li4. (6.20) 
Jr 3 at J R 3 

Integrating (|6.20p over [0,t] (t < T*), and using (16.41) . we have 

ft \ve\ 2 +f P \e\ 2 <c f\\^pu t \\ L 4^ P e\\ Li + c f\\^- p e\\ 2 Li + c. (6.21) 

Jo Jr 3 Jr 3 Jo Jo 

Multiplying (|6.2ip by 2C, and adding the resulting inequality into (|6. 16|) . we have 

t r r ft 

2 , / IV7„.|2 



p\u t \ 2 + / |Vn| 2 + / / \V9\ 2 + / p\( 
jr 3 Jr 3 Jo Jr 3 Jr 3 

< [ \\VMh4<fp0h* + I [Iv^lll4 + i 

Jo Jo 

P\u t \ 2 + C f \\^p0\\U^p9\\le+C 
Jo 



1 

<- 
~2 



< 
~2 



iff iM+\n i^i 2 +c/7 p\ e \ 2+c > 

z Jo Jr 3 1 Jo Jr 3 Jo Jr 3 



where we have used Young inequality, Holder inequality, Sobolev inequality and (|6.1|) . This, 
together with Gronwall inequality, gives (|6.5p . □ 
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ld_ 
2~dt 



Lemma 6.4 Under the conditions of Theorem \2.2.2\ and h6.1\) , it holds that for any t G 

(o,r*) 

I {\V6\ 2 + p\u\ 2 )+ f I {p\6\ 2 + |Vu| 2 ) < C. (6.22) 
Jr 3 Jo Jr 3 

Proof. By [33] (see (4.35) therein), we accurately have 

/ p\u\ 2 + / (^|Vtt| 2 + (// + A)|div?i| 2 ) 
Jr 3 Jr 3 

= J (Pjdiv n + « (g> VP : Vtt) + p J (div (An <g> u) - A(u ■ Vu)j • u (6 23) 

+(p + A) / (div (Vdivu u) - Vdiv (u • Vu)j • u = ^ VF/V,. 

For VVIVi, using (|2.2.ip i . integration by parts, (|6.ip and Holder inequality, we have 

VVIVi = [ ((p9) t dW u - pdiyuf : Vu - P 9u ■ Vdiv u) 
Jr 3 v 1 

= [ (pOdiYU- P e{Vuf : Vu) ( 6 - 24 ) 
Jr 3 v y 

<II^IM|Vu|| i2 + ||^0|U4||V«M|Vu|| i2 . 
For VVIV 2 and FFIV^, by [43] (see (4.37) and (4.38) therein), we have we have 

VVIV2 + VVIV3 < ||Vu||ia||Vu|||i. (6.25) 
Substituting (I6.24j) and (16.25P into (16.23H . and using Cauchy inequality and (16. ip . we have 

\i I P\u?+ I ^|Vn| 2 + ( U + A)|divn| 2 )<^||Vn|| 2 :2 + C||^|li 2 +C||^||i 4 + C||V 
* at j R 3 J R 3 l 

Integrating this inequality over [0, t] for t 6 (0, T*), and using (|6.ip . (|6.3p . Holder inequality 
and Sobolev inequality, we have 



/ p\u\ 2 +[ [ \Vu\ 2 <c[ \\Vp6\\h + C [ (||Vu||£ 4 + ||V0||l 2 ). (6.26) 
Jr 3 Jo Jr 3 Jo Jo 

The next step is to get some estimates for 8. We rewrite (|2.2.ip q as follows: 

pO + pOdivu = I |Vu + (Vn)'| 2 + A(div-u) 2 + A6. (6.27) 
Multiplying (16.271) by 9 and integrating by parts over M 3 , we have 

2 at Jm.3 



-[ p6divu9+ [ (-|Vn + (Vn) , | 2 + A(divn) 2 )^ 
Jr 3 Jrs V2 / 

+ 1 |Vn + (Vn) / | 2 + A(divu) 2N )w V0 + [ A0u-V6 
Jr 3 ^ 2 ' Jr? 



(6.28) 



i=l 
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For VVVi, using Holder inequality, (|6.ip and Cauchy inequality, we have 

vvvi < c\\yfp6\\v \\Vu\\ L 4 P h\\ L 4 < gliv^llia + c||v«||i 4 + c||V0||£ 2 . (6.29) 

For VVV 2 , we have 

VVV 2 =4 f I Vu + (Vn)'| 2 + A(divn) 2 ) 9-fi f (Vn + (Vn)') : (Vn t + (V« t )') 9 
at J R 3 \2 J J R3 

— 2A / divndivnt0 

=T" /" (~ \ Vu + ( Vu )f + A(divn) 2 ) e-nf (Vn + (Vn)') : (Vn + (Vn)') 9 

dt Jk.3 V 2 ' JR 3 

+ u / (Vn + (Vn)') : (Vu • Vn + (Vn • Vn)') 9 

+ n / (Vn + (Vn)') • (n • V) (Vn + (Vn)') 9-2X divndivnfl 

JR 3 JR 3 

+ 2A / divn(Vn)' : Vn0 + 2A / n • Vdivndivn0. 

JR 3 JR 3 

Using integration by parts, we have 

VVV 2 =4- I ( S l Vu + ( Vn )1 2 + A(divn) 2 ) - M / (Vu + (Vn)') : (Vn + (Vn)') 
«* Jm.3 v 2 ' Jr 3 

+ u / (Vn + (Vn)') : (Vn • Vn + (Vn • Vn)') - /i / — + ■ divn0 
Jr 3 Jr 3 2 

- \i [ l Vu + ( Vm ) I u . V0 - 2A / divndivntf + 2A f divn(Vn)' : Vn0 eg or>\ 

Jr 3 2 Jr 3 Jr 3 \ ■ J 

-X [ (divn) 3 0-A / |divn| 2 n-V0 

Jr 3 Jr 3 

9 

1=1 

For VVV 2j2 and VVV 2t Q, using Holder inequality, Sobolev inequality, we have 

VVV 2 ,2 + VVV 2 ,6< ||Vn|| L 2||Vn|| L 3||0|| i6 < ||Vu|| L 2||Vu|| i3 ||V0|| L 2. (6.31) 

Since Vn = VA _1 (Vdivn — V x curln), we apply Calderon-Zygmund inequality to get 

II^IIl 3 <||curln||x,3 + ||divn|| L 3. (6.32) 

Taking curl on both sides of (|2.2.ip 9. we have 

nA(curln) = curl(pn). (6.33) 

By (|6.33p , the L 2 -estimates of the elliptic equations and (|6.ip , we have 

||Vcurln|| L 2 < \\pu\\ L 2 < \\^/pu\\ L 2. (6.34) 

By (|6.10p . ([6.32p and (|6.34[) . together with Sobolev inequality, we have 

l|Vn|| L 3 <||curln|| L 3 + \\G\\ L a + \\p9\\ L a < ||curln|| H i + \\G\\ H i + \\p\\ L 6 \\0\\ l b 
<||curln|| L2 + ||divn|| L2 + ||V(curln)|| L2 + ||VG|| L 2 + ||V0|| L 2 
<||V(curln)|| L 2 + ||VG|| L 2 + ||V0|| i2 + l l ' ' 

<|lv / P«lb + l|V0|U2 + l, 
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where we have used (|6.ip . (|6.3p and (|6.5p . Substituting (|6.35 j) into (|6.3ip and using Young 
inequality, we obtain 

VVV 2)2 + VVV 2 £ < \\Vii\\ L 2 {\\Jpu\\ L 2 + ||V0|| £2 + 1) ||V0|| L 2. (6.36) 

For VVV2 t 3, VVV2,4, VVV 2 j and VVV 2t $, using Holder inequality, Sobolev inequality and 
C alder on- Zygmund inequality, we have 

VVV03 + VW 2 , 4 + VVV 2 7 + VW 2 , 8 



< / |v<|0| < \\Vu\\\s\\e\\ L6 < \\Vu\\\s\\ve\\ L2 

Jr3 L^r La (6.37) 

<||curki|| 3 18 \\Ve\\ L 2 + ||divu|| 3 18 ||V0|| L 2 

<||curl^||3 ]|V^[U 2 + \\Gf m \\V9\\ L 2 + ||^|| 3 rJ# ||V0|| i2 . 

La La La 

Using Holder inequality again, together with (|6.ip . (|6.3p . Sobolev inequality, Gagliardo- 
Nirenberg inequality, (|6.5p . (|6.10p and (|6.34p . we get 

uyy 2 , 3 + uyy 2 , 4 + vvv 2J + vw 2 , 8 

<||curl«|| L 2||Vcurlu||^ 2 ||V0|| L 2 + \\G\\ L 2 ||VG||| 2 ||V0|| L 2 + ||/>|||9||0||| 8 ||W|| Z 2 (6.38) 
<II^II| 2 ||V#|| L2 + ||W||1 2 . 

For VVV 2 £ and VVV 2j q, using Holder inequality, Cauchy inequality, Sobolev inequality, 
Gagliardo-Nirenberg inequality and (|6.5p . we have 



(6.39) 



wv 2 £ + vvv 2 $< [ \Vu\ 2 \u\\ve\<\\Vu\\ 2 L4 \\u\\ L 4ve\\ Li 

Jr 3 

<||Vn||4 4 + ||Vn||2 2 ||V0|| L2 ||V 2 0|| L2 
<C\\Vu\\\ A + C\\V6\\ L 2\\X7 2 9\\ L 2. 

From the standard elliptic estimates and (|6.27p . we have 

l|v 2 e|| L2 <\\pe\\ L 2 + ||^diH| L2 + nvnii^ 

ZWVpHl* + IIpIUHMMIVuIU* + ||Vn||| 4 (6.40) 

<c\\^p9\\ L 2 + c\\Vu\\ 2 L4 + c\\ve\\l„ 



where we have used Holder inequality, (I6.ip . (|6.3p . Sobolev inequality and Cauchy inequality. 
Substituting (|6,40p into (|6.39p . and using Cauchy inequality, we have 

WV 2lS + VVV 2 , 9 < l\\Vp9\\ 2 L 2 + C||Vu||| 4 + C\\V6\\l 2 + C. (6.41) 

8 

Substituting (I6.36p . (I6.38|) and (I6.4ip into (I6.30p . and using Cauchy inequality, we have 

WV 2 <4- I (- |Vu+ (Vn)'l 2 + A(divu) 2N ) 9 
dt Jr3 V 2 / 

+ C||V«|| L 2 (||^|| L2 + \\V9\\ L 2 + 1) \\V9\\ L 2 + C\\^5u\\ 2 L2 \\V9\\ L 2 (6.42) 
+ C||V0||l2 + i||v / P^ll! 2 +C||Vn||| 4 +a 

For VVV 3 , using (f6T39l) and ([fTlD . we have 

WV 3 <[ \Vu\ 2 \u\\V9\ < l\\Vp9\\ 2 L 2 + C\\Vu\\ 4 L4 + C\\V9\\ 4 L 2 + C. (6.43) 
Jr3 8 
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For VVVi, using Holder inequality, Sobolev inequality, Gagliardo-Nirenberg inequality, (|6.5p . 
(I6,40p and Young inequality, we have 

vvv 4 <\\Ae\\ L 2\\ u \\ L 4ve\\ L s < ||a#|| l2 ||v u || l2 ||w||| 2 ||v 2 <?||| 2 

3 i (6.44) 
<I|V#HI 2 ||V 2 0||! 2 < -Hv^Hi. + C||W||| 2 + C||V«||i4 + c. 

Putting (|6.29p . (|6.42p . (|6.43p and (|6.44|) into (|6.28j) . integrating the resulting inequality over 
[0,t] for t € (0, T*), and using Cauchy inequality, (|6.ip . (|6.4p and (|6.5p . we have 



f [ P\Q\ 2 + [ |V#| 2 <c/ ||Vu|||4 + c/ \Vu\ 2 \9\ + e ! \\Vu\\ 2 L2 
Jo Jr 3 Jr 3 Jo " Jr 3 Jo 

+ C £ [ (Hv^ullia + ||V0||£ 2 + 1) \\V9\\ 2 L2 + C. 
Jo 

For the second term of the right hand side of (|6.45p , we have 
C / \Vu\ 2 \6\ <||Vu|| 2 

12 ll^llx 6 ~ ||curki|| 2 12 ||V0||x2 + ||divu|| 2 12 ||V6*|| i2 

Jjj3 L"S" L"S" L~5~ 

< ( ||curlw||| 2 ||Vcurk/||f 2 + ||G||f 2 ||VG||f 2 ) \\V6\\ L 2 + ||p#|| 2 « ||V0|| L2 



(6.45) 



(6.46) 



||^|II 2 ||V0|| L2 + || P e||| 2 ||^||| 6 ||V0|| L2 



<llv^lli II^Hl 2 + H V0 lli < ^IIV0||£ 2 + c\\^- P u\\ L 2 + c, 

where we have used Holder inequality, Calderon-Zygmund inequality, Gagliardo-Nirenberg 
inequality, (|6.ip . (|6.5p . (16. 10[) . (16.34H . Sobolev inequality and Young inequality. Substituting 
into (IBT43D . we have 



|2 

II 2 



T / P\Q\ 2 + / l W l 2 ^ C f W Vu \\h + CllvVlb + e f || Vi 
Jo ji 3 Jm 3 jo jo 

+ c £ f {\\^pu\\ 2 L 2 + \\ve\\ 2 L2 + 1) ||w|| 2 2 + c. 

Jo 

Multiplying (I6.47|) by 2C and adding the resulting inequality into (16.26p . we have 

cf f P \e\ 2 + 2C [ \ve\ 2 + [ p \u\ 2 + [ l [ \vu\ 2 

Jo Jr 3 Jr 3 Jr 3 Jo Jr 3 

<2C 2 [ \\Vuf L 4 +2C 2 ||^u|| i2 +2eC [ ||Vn|| 2 2 
Jo " Jo 

+ 2CC £ I {\\^~pu\\ 2 L 2 + \\Ve\\ 2 L 2 + 1) ||W|| 2 2 + 2C 2 . 
Jo 

Taking e sufficiently small, together with Cauchy inequality, we have 
(|W| 2 + pH 2 )+ f [ ( P \e\ 2 + \Vu\ 2 ) 



(6.47) 



o Jr 3 



< f l|v«||i 4 + / {W^puWh + ||V0|| 2 2 + 1) ||w||| 2 + 1. 

Jo Jo 



(6.48) 
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For the first term of the right hand side of (|6.48p . similar to (|6.35p . we have 

llVtiHi* < f ||curl U || 4 L4 + f ||G|| 4 L4 + f ||W||| 2 
Jo Jo Jo 

< Acurlu|| i2 ||VcurM3 2 + f ||G|| i2 ||VG||| 2 + f \\V6\\\ 2 (6.49) 
Jo Jo Jo 

< f \Wpu\\1*+ f\Wot L2 . 

Jo Jo 
By (|6.48|) . (|6.49|) and Cauchy inequality, we have 

/ (|W| 2 + pH 2 )+ f [ (p\0\ 2 + \Vu\ 2 ) 

JR 3 Jo JR 3 

< f \\>mh + f (llVWIi- + l|V*||£» + 1) HV0|| 2 L2 + 1 (6.50) 
jo Jo 

< f {W^puWh + IIV0||| 2 + 1) (||V0|| 2 2 + llv«W + 1- 

Jo 

By (HI]), @3), ([63]), we have 

* {\\^\\h + \\ve\\l 2 )<c, 



for any i G (0, T*). This, together with (16.50P and Gronwall inequality, deduces (16.22p . □ 

Corollary 6.5 Under the conditions of Theorem \2.2.2\ and 116. it holds that for any T G 
(0,T*) 

sup (||VG|| L 2 + ||Vcurlu|| L 2 + ||Vu|| L 6 + ||n|| L oo)+ / [\V 2 9\ 2 <C. (6.51) 

0<t<T JO JR 3 

Proof. The detailed proof of the lemma could be found in |43| (see Corollary 4.5 therein). 
□ 

Lemma 6.6 Under the conditions of Theorem \2.2.2\ and ( GOP , it holds that for any t G 
(0,T*) 

[ P\0t\ 2 + I ! W9 t \ 2 < C. (6.52) 
Jr. 3 Jo jr. 3 

Proof. By [13], we have 

= - I pt\% + u-ve + e&vu) e t - [ p{u t ■ve + u-ve t + 9 t dWu)9 t 

JR 3 V 2 J JR' 3 



- / p9divu t 9 t + yu / (Vtt + (V«)') : (Vu t + (Vut)') 9 t + 2 A / divudivu 

JR 3 JR 3 7R 3 

5 



(6.53) 
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and 

ve. 



vvvii = - I P u-ve t (^ + u-ve + edwu) - I 

Jr 3 V 2 / Jr 3 

- J pu- (V(u-V)9 + u-VV9)9 t - J pu ■ (Wdivu + 0VdiW) O t (g 54 ) 

4 

= Y J vvvi l , l . 



i=l 

For VVVI\ t i, we have 
1 



vvvii t i <^||v^||| 2 + q|^ t ||| 2 + c||V0||| 2 +q|^||| 4 ||v«||| 4 



<^T / |W t | 2 + C / p|^| 2 + C, 

24 JR 3 J R 3 



(6.55) 



where we have used Cauchy inequality, (|6.ip . (|6.5p . (|6.22[) and (|6.5ip . 
For VVVh t 2, using Cauchy inequality, (|6.ip and (16.5ip again, we have 

VVVh, 2 <^- f \V9 t \ 2 + c[ p\9 t \ 2 . (6.56) 

For Fyyii^, by [33] (see (4.65) therein), we have 

VVVh, 3 <[ p\9 t \ 2 + [ |V 2 6>| 2 + 1. (6.57) 
Jr 3 Jr 3 

For VVVIi 4, integrating by parts, we have 

VVVI li = - f pu-V9divu9 t — - [ P 9u-VG9 t — - [ p9u-V(p9)9 t 

Jr 3 2u + \ J R 3 2/i + A J R 3 

= - [ pu- V9divu9 t - - 1 - / P 9u ■ VG9 t (6.58) 
Jr 3 2u + A J R 3 

+ 9 , 9 ~~ x , / p 2 flVW f + 1 / p 2 2 div^. 
2(2/x + A) 7 R3 2(2p + A) y R 3 

Furthermore, we can get 

VVVI 1A <||^llL 2 ||Vn|| L6 ||V0|| L 3 + llVGII^II^IUell^Uellpll^ 

+ \\o\\l4p\\lMm\\ L 2 + ||v«|U3||e t |Ufl||e||i B || P ||i ia (6 59) 

<^\N0t\\h + C\\V 2 9f L2 + C\\^59 t \\ 2 L2 + C, 

where we have used Holder inequality, Sobolev inequality, (|6.ip . (|6,3I) . (16. 5p . (16.22[) . (16.5ip 
and Cauchy inequality. Substituting (|6.55p . (|6.56p . (|6.57p and (|6.59p into ([6.54p . we have 

VWI X <\ I \V9 t \ 2 + C [ P \9 t \ 2 + C [ \V 2 9\ 2 + C. (6.60) 
° Jr 3 Jr 3 Jr 3 

For VVVI 2 , 

VVVI 2 = - [ pu-V99 t + [ p(u-V)u-V99 t - [ pu-V9 t 9 t -[ p|^| 2 divn 

JR3 JR3 J R 3 J R 3 

<\\VJti\\v\\0th4w\\ifi + \\Vp0t\\ L 4Vu\\ L 4ve\\ L3 + \\Vp9 t \\ L2 \\v9 t \\ L2 

+ \\Vp0t\\l?\\Ot\\L4Vu\\L* 



<l I \ve t \ 2 + c( P \9 t \ 2 + C [ \V 2 9\ 2 + C, 
° Jr 3 Jr 3 Jr 3 
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where we have used Holder inequality, Sobolev inequality, (|6.ip . (|6.5p . (|6.22[) and (|6.5ip . 
For VVVI3, integrating by parts, we have 

VVVh = ~ [ pedivu6 t + f P 9dW(u ■ Vu)8 t 

p9divu9 t + / p8Vu : {Vu)'O t + pOu ■ Vdivu9 t 



(6.62) 

= - / pO&rvvtit + / pOVu : (Vu)'O t + / p9u ■ VG9 t 

3— / fLo 2 dxvu9 t — — f ?-9 2 u-V9 t . 

2/U + A J M 3 2 2p + A 7 M 3 2 

Furthermore, using Holder inequality, Sobolev inequality, (16. ip . (16. 3p . (16. 5p . (16.22f) . (16.511) 
and Young inequality, we have 

vvvi 3 <\\v^v\\e t \\L49h4p\\ifi + Hv^lU 2 llVu||£6||0tlU« 

+ llVGII^II^Hiell^lliellpllie + || Vu\\ L 3 ||^||i6 ||0|| i8 \\p\\1i2 

+ nie\\p\\um\\ L * ( 6 - 63 ) 

<l\\v0tf L 2 + c\\Vuf L2 + a 

o 

Similar to VVV 2 , for T/yy/ 4 and m/ 5l we deduce 

VVVh + VVVh <C\\Vu\\ L 2\\Vu\\ L3 \\9t\\ L 6 + C [ \Vu\ 3 \9 t \+c[ |Vu| 4 + — f \V9 t \ 2 



1 

16 - . 

<C||Vit|| £ 2||V0 t || £ 2 +C||Vn|| 3 18 ||V^|| i2 + / |V0 t | 2 + C (6.64) 

LT lb J R 3 

<l I \V9 t \ 2 + C [ \Vii\ 2 + C, 

where we have used Holder inequality, integration by parts, Cauchy inequality, (|6.5|) . (|6.5ip . 
the interpolation inequality and Sobolev inequality. 
Putting dSSOD , (I6TBT]) . (I6TF3"|) and (IBTMD into (|6331) . we have 

4/ P\0t\ 2 + [ \V8t\ 2 <c[ p\9 t \ 2 + c( (\Vii\ 2 + \V 2 9\ 2 ) + C. (6.65) 

Ut JR3 JR3 Jr3 Jr3 

By (|6.65p , ([6.22p , (|6.5ip and Gronwall inequality, we complete the proof of Lemma 16.61 □ 

Corollary 6.7 Under the conditions of Theorem \2.2.2\ and h6.1\) . it holds that for any t G 
(0,T*) 

V 2 9\ 2 < C. (6.66) 

Proof. It follows from (|2Xl> . (|B3]) . (IB3D . (I53|) . (I6T22D . (I63TD . (IB32D and the interpolation 
inequality that 

l|V 2 #|| L 2 <\\pO t \\ L 2 + • W|| L 2 + ||p0div?i|| L 2 + ||Vu||| 4 
<\\Vp0t\\ L 2 + \\V0\\z? + |HUe||0|| L 6||div«|| L8 + 1 
<C. 

□ 

By (I6.22p . (I6.66P and Sobolev inequality, we get the following corollary which is the desired 
one, i.e., (|6.2p . 
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Corollary 6.8 Under the conditions of Theorem \2.2.2\ and h6.1\) . it holds that for any t G 
(0,T*) 



\\Q\\L°°(0,t;L°°) < C. (6.67) 
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